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Abstract

This paper discusses initial value problems for second order neutral impulsive integro-differential
equations with advanced argument. By using the fixed point theorem of either Leray-Schaude or
Banach, two existence results are obtained. By comparison, each of them has his own strong and
weak points. If appropriate changes are made to some conditions for two results, the same results
can be got. Two examples to illustrate our main results are given, which are compared with the
existence results for impulsive differential equations from existing literature.
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1 Introduction

Impulsive differential equations are now recognized as an excellent source of models to simulate
processes and phenomena observed in control theory, physics, chemistry, population dynamics,
biotechnology, industrial robotic, optimal control, etc. About initial value problems for impulsive
differential equations, many authors have obtained very good existence results (for example, see
[1-7]). Now consider the following equation

(u(@(t)" = ft,u(t), ' (t), Ku(t), Hu(t)), t € J = [0,a], t # &,
A(Ugtk) = -[Ok((ugtk)), Au'(ty) = L (u'(tk)), k=1,---,p, (1.1)
u(0) = uo, ' (0) = up,

where 0 = tg < t1 < -+ < t, < tpy1 = a, ¢ € C*(J,R), ¢ is monotone increasing with
t < ét) <a(teld),e0) =0 éa) =a, ¢t) >0 with ¢~ € C*(J,R), and let ¢(&) =
th (k = 1,---,p), J* = J\{t1, -~ ,tp}, J = J\{&, --,&}, f : J xR* — R is continuous
everywhere except at {£5} XR4 f(fk ,m x’,yl,yg) and f(ﬁ,:,x x ,yl,yz) exist, f(&, 2,2, y1,92) =
f&rym, 2’ y1,y2), and Ku(t fo s)ds, Hu(t fo s)ds, k(t,s) € C(D,R™),
h(t,s) € C(J x J,R"), D = {(t s) c R2 0 <s <t < a}, ko = max{k(t s) : (t,s) € D}, ho =
max{h(t,s) : (t,s) € J x J}, further and Iok, Ik € C(R,R), Au(ty) = u(t)) — ulte), Au'(tx) =
o' (t}) — u/(t). Denote by PC(X,Y), where X C R,Y C R, the set of all functions u : X — Y
which are piecewise continuous in X with points of discontinuity of the first kind at the points
tr € X, i.e., there exist the limits u(¢;) < oo and u(t; ) = u(tx) < oo.

2 Preliminaries

According to the properties of ¢, there exist positive constants mi; and ms such that m; <
@' (t) <mg forall t € J.
Let Eo = {u|u,u’ € PC(J,R)}C?*(J*,R). Evidently, Eo is a real Banach space with norm

[u(®)l|my = max{|lu(t)l|po, [u'(t)l|pc}, where [[u(t)]| o = sup,¢; [u(t)], [[u'(t)|lpo = sup;e , |u'(2)].
Further, let E = {u(¢(t))|u(t) € Eo}. We can check that E is also a real Banach space with

norm [Ju(¢(t))]] = max{[lu(d(t))llrc, [(u(é()) [lpc-}, where [[u(¢(t))llpc = sup,e; [u(d(t))] =
du(o(t d
Juto)re. Vo)) e = sup [P45D - sup 8 —sup (0] 2 = mal ()] e
omer| do(t) teg At ieg
Define operator B : u(t) — u(¢(t)), where u(t) € Eo and u(¢(t)) € E. It is evident that B is
topological linear isomorphic, which implies that E is a real Banach space.

Since w =¢'#) (0<t<a),ie, ¢ =1, we get ma > 1, next ||(u(¢p(t))) ||pc =

ma|[u’(t)|lpo = [[W'(8)]|po, so

lu@®)llzo < [lu(e@)]- (2.1)

Lemma 2.1. u(t) € Ey is a solution of (1.1) if and only if u(t) € Eo is a solution of the following
integral equation

w(P(t)) = uo + ugt + /0 (t — 5)f(s,u(s),u (s), Ku(s), Hu(s))ds+ (2.2)
Po<ey <t Lor(u(te)) + (t = &k) Tk (' (t))], t € J.

Proof. (i) Necessity
For & <t < &k41 (K=0,1,---,p), by (1.1), we get

&1
u(ti) —u(0) = u(é(&1)) —u((0)) = /0 (u(o(s)))'ds,
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u(p(t)) — uty) = u(g(t) — u(d(&)) = /t (u(¢(5)))'ds.

Adding these together, we obtain

u(6(0) = u0) + [ (o) ds+ D falt?) = (1)

u(9(t)) = uo +/O (w(@(s)))ds + > Tow(u(tr)), t € J.

0<E <t

Similarly, we obtain
t
(u(e(1))" = ug +/ (u(é())"ds + Y T(u/(tx)), t € J.
0 0<gp <t

Substituting (2.4) into (2.3), it is easy to get (2.2).

(ii) Sufficiency

According to (2.2), it is clear that

u(0) = wo, Au(ty) = Tox(u(tx)).
Differentiating both sides of (2.2), we have
¢
(u(g()))" = uo +/ f(s,u(s),u/(s), Kuls), Hu(s))ds + Y Iue(u'(t)), t € J.
0 0< <t

Similarly, we also have

(u(e(1)))" = F(t, u(t),u'(t), Ku(t), Hu(t)), t € J.

By(2.6), it is evident that
u'(0) = ug, Au'(t) = I (u'(tr)).

From (2.5),(2.7) and (2.8), we get that u(¢) is a solution of (1.1).

(2.3)

(2.4)

(2.6)

Lemma 2.2. (Leray-Schauder [6]) Let the operator A : X — X be completely continuous, where
X is a real Banach space. If the set G = {||z|| |z € X,z = MAz,0 < XA < 1} is bounded, then the
operator A has at least one fized point in the closed ball T = {z|x € X, ||z|| < R}, where R = sup G.

Lemma 2.3. (Compactness criterion [7]) H C PC(J,R) is a relatively compact set if and only if
H C PC(J,R) is uniformly bounded and equicontinuous on every Ji (k = 0,--- ,p), where Jo =

[tovtl]v']k = (tkatk-‘-l} (k =1,-- ap)'
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3 Main Results

Let us introduce the following conditions for later use:
(H1) There exist nonnegative constants b,c,d; (i = 1,2), bg,cr (k=1,--- ,p),
and g € L(J,R") such that |f(¢, 1‘2,11/2,2127222) ft, 1,91, 211, 221)|

9(t) (bllz2 — z1l[pc + clly2 — yillpc + Z dil|zi2 — zir| pc), t € J,

|10k(962(tk)) Tok(z1(t))| < bi|z2(te) — ml(tk)\ Ior(0) =0, k=1,---,p,
[Tk (y2(tr)) — Tk (g1 (t2)] < crly2(te) — yi(te)l, Lie(0) =0, k=1,--- ,p,
where r1, 2 € Fp, yi(t) = g;(t), ﬂl(t) (’L = 1,2) € FEo, z1: = KZ14, 20, = HZ2;, Z1i, Z2i

(i=1,2) € By, ao :/ g()dt.
0
(H2) There exist positive constant M such that |f(¢, u(t),u’(t), Ku(t), H (t))| < M@+ ||u@®)| g,)-
P
(H3) | = max{l1,lo} < 1, where Iy = a®>M + " (bx + acy), lo = —2 aM + ch
k=1
(H4) r = max{r1,72} < 1, where r1 = aao(b+ ¢ + adiko + adzho) + Z (br + ack),
k=1

p
ro = % [ao(b +c+ adiko + adzho) =+ ch} .
k=1

Theorem 3.1. If conditions (H1),(H2) and (H3) are satisfied, then (1.1) has at least one solution in
the closed ball B = {u(¢(t))|u(¢(t)) € E, |lu(¢(t))|| < R}, where R =sup G, G = {|lu(¢(t))]| |u((t)) €
B, u((t)) = Au(@(1)), 0 < A < 1}.

Proof. (i) For any u(¢(t)) € E define the operator A by

AU(¢(t))ZUO+u'ot+/O( s)f (s, u(s),u'(s), Ku(s), Hu(s))ds+
32 How(ults)) + (t = &) T (u' ()], t € J.

0<E <t

(3.1)

It is easy to see that Au(¢(t)) € Eo. According to the properties of ¢, for any v(t) € Eo, we have
v(t) = v(d (1)) = vd  (H(t)). Let u = vd~'. Next, it is clear that v(t) = u(é(t)) € E. It
follows that A maps E into E. Thus Au(¢(t)) € E with

(Au(o( —u0+/ F(s,u(s),u'(s), Ku(s), Hu(s))ds + Z Lip(u (t)), t € J. (3.2)

0<Ep <t

A is a completely continuous operator will be verified by the following tree steps.

Stepl. A is continuous.

Let any un(¢(t)) (n=1,2,---), u(¢(t)) € E with [Jun(¢(t)) — u(e(t))|| — 0 as n — oco.
By (3.1) and (H1), we have

[Aun(¢(t)) — Au(o(t))] < (t — 5)g(s) [bllun(s) — u(s)| o+

clluy (s) — /() | P + i [ Kun (s ) — Ku(s)|| pc + dz|| Hun(s) — Hu(s)||pc]ds+
32 [brlun(te) — u(te)] + (€ — &k )er|un (te) — u'(tr)]]

0<gp <t
< (b4 c+ adiko + adzho) ||un (t) — u(t)| &, /0 (t —s)g(s)ds+
[[un () = u(t)| 2o . >0 [bw + (¢ = &x)exl,

<R <t

\

| Aun(¢(t)) — Au(¢(t))| < [aao (b+c+adiko+adaho) + > (br+ack)]|lun(t) —u(t)|m, t € J. (3.3)
k=1
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Then from (3.3) and (2.1), we have

| Aun (8(t)) — Au(d(t)]| o < [aao(b+ ¢+ adiko + adaho) + > _ (bx + ack)] [|un(t) — u(t)]| s,
k=1

| Aun ((£)) = Au(é(t)) | e < [aao (b+c+adiko+adaho)+ D (br+ack)]|[un(d(t) —u(e(t)]. (3.4)
Thus
|Aun (6(t)) — Au(p(t))|lpc — 0 as n — co. (3.5)
Similarly, from (3.2) and (2.1), we get

e LD AUBON €0 0, (610)) — Aut@(0)) | = | (Aunl0(0)) ~ (Au(6(0)’

20) .
< [ao (b +c+adiko + adzho) + 162:21 Ck] lun(#(t)) — u(e(®))]l
‘ d[Aun(¢(2)<;(Z) Au(o(1)) ‘ < m% [a0 (b + ¢ + adiko + adsho) + f: cx] lun(o(t)) — u(op®))]], t € J,

P

(A ($() = Au(@(®) | e+ < T2 [ao (b e+ adiko-+adzho) + Y ] [un (6() ~u(@(®)] (3.6)
k=1

Thus
[[(Aun(6(t)) — Au(d(t)))' [ e — 0 as n — oco. 3.7)
By (3.5) and (3.7), it is easy to see that ||Aun(d(t)) — Au(p(t))|| — 0 as n — oo, that is to say, A
is continuous.
Step 2. A maps any bounded subset of F into one bounded subset of E.
Let T be any bounded subset of E. Then there exist h > 0 such that ||u(¢(t))|| < h for all

u(¢(t)) € J.
By (3.1),(H1),(H2) and (2.1), we have

IAU(¢(t))|S\UOI+IUBIt+/(t*S)M(1+IIU(S)IlEo)d8+ D rlulte)] + (¢ — &)erlu ()]
0 0<E <t
SIuo\+alu6\+M(1+Hu(t)llEo)/O ads + |u(t)|z, Y (b +ack)

0<gp <t

< Juo| + alup| + M(1 + [u(8()]) / "ads + [u(6(6) | S (be + acx)
0 k=1

P
< |uo| + alup| +a*M (1 + h) +h Y (b + ack), t € J,
k=1

so
14u(6(t)) | po < uo| + alug| +a® M(1+h) +h ) (bx +acy). (38)
k=1
Similarly, from(3.2),(H1),(H2) and (2.1), we get
‘dAU(fi’(t)) ‘ d¢

don) | @t = (Au@@)| < ol +aM+ k) +hY e, L€
k=1

dAu(p(t)) 1, -
‘ 0 ‘g [|u0|+aM(1+h)+h;ckLteJ,

mi
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SO
P
| (Au(@(O) lle- < T2 [lug| +aM(1+h) + 0D ex]. (3.9)
k=1
According to (3.8) and (3.9), we obtain
P Mo P
/ 2 ’
1Au(6(®) | < max { juol + alup| + M(1+h)+h;(bk+acw,mj[luo\+aM(1+h)+h;cze]}~

Therefore A(T') is uniformly bounded.
Step 3. A(T) is equicontinuous on every Ji (k= 0,---,p), where Jo = [0,&1], Jx = (&k, Euv1] (B =
1, ,p).

p
For any Au(¢(t)) € A(T) and any € > 0, take § = [Juj| + aM(1+h) +h Y ck}fle. Then if
k=1
ti, ta € Ji and [t — t2| < & with ¢ < 2, from (3.1),(H1),(H2) and (2.1), we have

to k
|[Au(o(t2)) — Au(p(t1))] < [uo|(t2 — t1) +/ (t = )M (1 + [lu(s)|[zo)ds + > (t2 — tr)eslu' (£4)]

< [lubl+ a0 (1 + [u)) + ult) iy 35 ] 2 — )
< o]+ aM L+ Ju(O)) + (@) 3 exlitz = ta] < [lug]+aM (1 + k) + b 32 etz — ta] <=

Thus, A(T) is equicontinuous on every Ji (k=0,---,p).
As a consequence of Step 1-3, A is completely continuous.
(ii) For any |lu(¢(t))|| € G, similar with getting (3.8) and (3.9), we have respectively

[Au(p(t)llpc < |uol + alug| + a®M + [a® M + é (bi + ack)] lu((t))]|

1
= Juo| + alup| + a®M + I [lu(¢(t))]],
P

l(Au(@E)) leer < T (bl +ab) + 72 (@M + 37 en) (@)l = [ (ol +adD) + Lalfu((2)

k=1
Then [lu(¢(t))]| = MAu(é@®)ll < |Au(é@®)l| < L + Iu(é(t))|l, where L = max {|uo| + alug| +
a*M, 1z (Juo| + aM)}. It follows that [Ju(¢(t))]| < %7 i.e., G is bounded.

mi

From (i) and (ii), now all conditions of Lemma 2.2 are satisfied and therefore the proof is
complete. m

Theorem 3.2. If conditions (H1) (Iox(0) = 0, I1%(0) = 0 are not needed) and (H4) are satisfied,
then (1.1) has a unique solution.

The proof of Theorem 3.2 is similar to that of Theorem 3.1, and is omitted here.

Remark 3.1. By comparing Theorem 3.1-3.2, each of them has his own strong and weak points.
The condition (H3) of Theorem 3.1 is more easily satisfied than the condition (H4) of Theorem 3.2.
The condition (H2) of Theorem 3.1 is also satisfied easily, but Theorem 3.2 hasn’t the condition.
The result of Theorem 3.1 determines that (1.1) has at least one solution in the closed ball B.

Remark 3.2. If the corresponding formulas of (1.1),(H1),(H3) and (H4) are respectively changed

into Au(tk) = IOk(u(tk),u'(tk)), Au'(tk) = Ilk(u(tk),u'(tk)) of (1.1), ‘IOk(xg(tk)) — I()k(iv1(tk))| <

buk|2 (te) =21 (tr) [ +b2r|y2 (tr) —y1 (tr)], Hik (y2(tr)) =Tk (y1 (86)) ] < canlwz () =21 () [+conly2(tr) —
P

p
y1(tr)| of (H1), I3 = a®?M + 3 [(bix + b2r) + a(cik + c2x)], la = —22 (aM + E (c1k + car)) of (H3),
k=1 . k=1
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P
r = aao(b + c+ adiko + atho) + > [(bik + bar) + alcik + c2x)], 72 = % [ao(b + ¢+ adiko +
k=1 1

P
adzho) + Z(Clk + cak)} of (H4), then there are also the same results as Theorem 3.1-3.2.
k=1

4 Examples

Example 4.1. Consider the equation

t

L [11sin(u(t) + ) — 20/() 46 [ (¢ s)u(s)ds+

1 1"
(u(t + 515(1 —1)) = 5

0
1
3/ (tsQ)u(s)ds}, teJ=[0,1,t#& = 77 (4.1)
0
1 1 5
Au(t1) = Eu(tl) Au’(tl) = E’U/(tl), tl = g,
u(0) = uo, u'(0) = uy,
Firstly, it is easy to verify that ¢(t) = % t(1—t), k(t,s) =ts, ko = 1, h(t,s) = ts°, ho = 1
all satisfy the requisitions of (1.1). From ¢'(¢) = g —t, we get mp = 1/2, ma = 3/2. Next, since

ft,zy, 21, 22) = 67t6 [11sin(z + €') — 2y + 621 + 322], and |sin(z2(t) + €) — sin(z1(t) + €')| =
[(z2(t) + €') — (@1(t) + €")| - | cos(Z(t) + e')| < |z2(t) — z1(¢)| (F(t) is located between z1(t) and
x2(t)), we have
|f(t7$2721272127222) - f(t $17y172115221)|
t .
< 6 [11| sin(z2 + e') — sin(z; + et)\ +2ly2 — yl\ + 6|z12 — z11| + 3|z22 — 221”

1
< t[7|$2 1 + | — 1] + |Z12 zu| + = |Z22 — z21”

22
1
< t[6||$2 — $1HPC + ﬁﬂyz - y1||Pc + ﬁ||212 — z11llpc + ﬁ”zzz - 221HPC], teJ,

1 1 ! 1 1
where b = =, ¢ = 33’ di=-—,do=—,a=1, a0 :/ tdt = 3 From Io1(z) = —z, Li1(y) =
0

12
— h.
13¥» we have 1

o1 (z2(t1)) — Tor(z1(t1))] < *2|1’2(t1) —z1(t1)], To1(0) = 0,

[T11(y2(t1)) — I (y1(81))] < E\m(tl) —yi(t1)], [11(0) =0,

1
where b1 = c¢1 = 1 Further, we have

(£ u(t), w'(t), Ku(t), Hu(t))]

t 1
< i[msin( ()+e‘)\+2|u'(t)|+6/ k(t,s)|u(s)|ds—|—3/ h(t, )u(s)]ds]
0 0
1
< % [11 + 20wtz + 6llu®)llz, + 3llu®)llz,] = 51+ l[u®)lzo),
1 . . 2 1 mo 3
where M = r Finally, since I1 = a*M + (b1 + ac1) = 3 lo = —=(aM 4+ 1) = T we get
mi

| = max{ll,lz} = % < 1.

Thus (4.1) satisfies all conditions of Theorem 3.1. Tt follows that (4.1) has at least one solution
in the closed ball B.
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Example 4.2. Consider the equation

(u(t+ %t(l - t)))” = ﬁ [12\/1 +u2(t) — 6arctan(u’(t) + ') +
3/0 (2 u(s)ds), te T =[0,1], & =

-1 ") = Lo _>5
Au(tl)— 18u(t1)+1, Au (tl)— 18u (t1)+2, t1 = %
u(0) = wo, u'(0) = uh,

/Ot(ts)u(s)ds-i-

3
1
3 (4.2)

%t(l —t), k(t,s) =ts, ko =1, h(t,s) =ts°, ho =1

all satisfy the requisitions of (1.1). From ¢'(t) =

Firstly, it is easy to verify that ¢(t) = ¢ +

—t, we get m1 = 1/2, ma = 3/2. Next, since

3
; 2
ft,z,y,21,22) = m[lQ 1+ 22 —6arctan(y +e') +3(z1 +22)], and |/1+23(t) — /1 +22(t)| =

foa(t) = 1) - | s < [oa(®) = 210, Jarctan(ya(6) + ¢¥) = axctan(yn () + )] = |((6) +

e') = (yi(t) + €| - % < y2(t) — y1(t)] (Z(t) is located between z1(t) and z2(t), F(t)
1+ (5(t) + €)
is located between y1(t) and y2(t)), we have

|f(t, m2, y2, 212, 222) — f(t, x1,y1, 211, 221)|
t
< m[12‘,/1+:c§ — 1+ a2

1 1 1
< t[§|$2 — 1|+ Elm — |+ %;Mz _Zi1|:|

2
+ 6| arctan(ys + €') — arctan(yy + e')| + 3 Z |zi2 — zzl\}
i—1
2

9 T 18

1
=Y + 2, we have

1 1 1 ! 1 1
where b= - c= —,di =do = —, a=1,a0 = tdt = 3 From Ipi(z) = —x + 1, In(y) =
0

[o1(z2(t1)) — lo1(z1(t1))] < %liz(tl) —z1(t)|, [T (y2(t1)) — I (yi(ta))] < %lyz(tl) —y1(td)],

where by = ¢1 = 1i8 Finally, since r1 = aao(b + ¢ + adiko + ad2ho) + (b1 + ac1) = g, ro =
1 1
%[ao(b—i— ¢+ adiko + adzaho) + ¢1] = 7 we get 7 = max{ri,r2} = 5 < 1.
1

Thus (4.2) satisfies all conditions of Theorem 3.2. It follows that (4.2) has a unique solution.

5 Conclusion

We have derived some existence results for second order neutral impulsive integro-differential
equations with advanced argument. Firstly, u(t) € Eo is a solution of (1.1) if and only if u(t) € Eq
is a solution of the integral equation. Although the methods used are conventional, the impulsive
integro-differential equations are different from the past, with that are higher-order and advanced.
The difficulty of solving the problem have increased a lot, with the equations are from the first order
and advanced to the higher order and advanced. Because Theorem 3.1-3.2 have their own advantages
and disadvantages, we can choose according to the conditions given. Finally, two examples are
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given to illustrate the effectiveness and superiority of our main results, which are compared with
the examples for impulsive differential equations from existing literature.
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