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Abstract

This research proposes the construction of a two-component generalized finite Erlang mixture with four
parameters. Three distinct cases of this mixture are presented, differing in their mixing weights and
corresponding component probability (Erlang) distributions. Special cases of these mixtures, including the
one-, two-, and three-parameter finite Erlang mixtures, have also been derived. The statistical properties
examined for these mixtures include the distribution function, survival function, hazard function, moment
generating function, raw and central moments, mean, variance, coefficient of skewness, coefficient of kurtosis,
and order statistics. Parameter estimation for the finite Erlang mixtures was conducted using both the
method of moments and maximum likelihood estimation. Furthermore, the 4-parameter mixed Erlang
distributions were applied to a real dataset on the relief times of patients receiving an analgesic, to evaluate
their goodness of fit. The results demonstrate the potential of these mixtures to provide robust modeling for
empirical data, suggesting their applicability in various statistical and practical contexts.
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1 Introduction

The gamma distribution is a versatile probability density function that is widely applicable, particularly in
modeling the time between events in stochastic processes. It is defined by two parameters: shape and rate
(or scale). The flexibility of the gamma distribution lies in its shape parameter, which allows it to encompass
several other distributions as special cases. Notably, when the shape parameter equals 1, the gamma distribution
simplifies to the exponential distribution. When the shape parameter is an integer, it becomes the Erlang
distribution, a specific case of the gamma distribution that is often preferred for its practical applications owing
to its discretized shape parameter. The Erlang distribution is especially useful in modeling queuing systems
and other stochastic processes. Generalization involves expanding a distribution by introducing additional
parameters, thereby broadening its applicability and enhancing its modeling capacity. This approach enables
the development of new distributions that can capture a wider range of behaviors and characteristics in data,
making them powerful tools in statistical modeling and analysis.

When there are two or more sub-populations in a population, mixed distributions can be used to model the
population, such that components of the mixture will suit the sub-populations. Thus, mixture distributions are
used to model data that the basic distributions may fail to fit. Pearson[l] introduced mixed distributions in
1894 when he constructed a finite mixture using two normal distributions with different means and variances.
Finite mixtures are among the three types of mixtures, the other two being continuous and discrete. Finite
mixtures are defined by the number of components which can be > 2, and the number of parameters which
can be at least one. Lindley[2] introduced finite Erlang mixtures when he presented the Lindley distribution,
a two-component mixture, which he applied in studying fiducial distributions and Bayes’ theorem. There since
have been innumerable work on finite Erlang mixtures. Shanker et al.[3], Shanker[4], Shanker et al.[5], Shanker
et al.[6], Mussie and Shanker[7], Tesfay and Shanker[8], Tesfay and Shanker[9], and Nwikpe and Iwok[10] are
among authors who studied three component finite Erlang mixtures, while Shanker[11], Shanker[12] and Rashid
et al.[13] presented four component finite Erlang mixtures. Shanker[14] and Shanker[15] defined five and six-
component finite Erlang mixtures respectively.

The focus of this paper is on two component four parameter generalized finite Erlang mixtures, and their
special cases, the one, two, and three-parameter finite Erlang mixtures. Zakerzadeh and Dolati[16] defined the
generalized Lindley distribution with three parameters as a mixture of gamma(a,f) and gamma(a + 1,60), with
respective mixing weights % and ﬁ. Nadarajah et al.[17] demonstrated that the cdf of the two-parameter

generalized Lindley distribution they proposed, was the o!" order statistic of the Lindley distribution. A two-
parameter Lindley distribution was studied by Shanker et al.[18] as the sum of 9_‘_% gamma(l,0) and 57
gamma(2, ), and Shanker and Mishra[19] presented it as the sum of #ﬁlgamma(l,ﬁ) and ﬁgamma(l@).
Shanker and Mishra[20] defined a Quasi Lindley distribution with two parameters as ;97 gamma(l, 0)+a%r1
gamma(2,0), and Shanker and Amanuel[21] expressed a new Quasi Lindley distribution with two parameters
as gzgﬁgamma(l,49)—1—ﬁgfﬂumma@7 0). The cdf of the Transmuted Lindley distribution with two parameters
was expressed by Merovci[22] as the sum of the cdf the Lindley distribution and the squared cdf of the Lindley
distribution, with respective weights (1 + A) and —\. They also presented the Lindley distribution as a special
case of the Transmuted Lindley distribution. Elbatal et al.[23] proposed a new generalized Lindley distribution
with three parameters as Q%OH gamma(a,9)+ﬁgamma(ﬁ ,0). The Lindley, gamma, and exponential distributions

were expressed as special cases of the distribution.

The cdf of a four-parameter beta-generalized Lindley (BGL) distribution was expressed in terms of the cdf of the
generalized Lindley distribution by Oluyede[24]. A new generalized Lindley distribution with five parameters was

presented by Abouammoh[25] as the sum of gamma(r, ) and gamma(n, #), with respective mixing weights %

and -5 Shanker[26] proposed a one parameter Shanker distribution as % gammay(1, 9)+ﬁ gamma(2, 0).
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The Akash distribution with one parameter, Gg—;gamma(l, 9)+ﬁgamma(3, 0), was presented by Shanker[27].
Shanker[28] studied a one parameter Rama distribution, %gamma(l, 0)+ ﬁgamma(& 0). Shanker[29]

defined a one parameter Suja distribution as %gamma(l, 0) —|—%gamma(57 0).

The structure of this research is outlined as follows: The mixed Erlang distribution and its properties have been
presented in section 2. The three cases of the two-component four parameter generalized finite Erlang mixture,
and their properties and special cases have been presented in sections 3, 4, and 5. In section 6, the three cases of
the generalized finite Erlang mixture have been fitted to a data set alongside other distributions to assess their
goodness of fit, and the conclusion of the paper is provided in section 7.

2 The Two-Component Finite Erlang Mixture and its Properties

e The gamma («, 0) distribution is given by;

. _ 0 —0x _a—1 .
f(ac,oz,@)——r(a)e 2“7, 2>0,0>0,0>0 (2.1)

e The exponential (0) distribution,
flz:0) =0 £>0;0>0 (2.2)

is a special case of the gamma distribution when o = 1.

e The Erlang (n,0) distribution,

f(z;n, 0) = Fe(n) e 7" 2> 00>0,n=1,23,.. (2.3)

is a special case of the gamma distribution when o = n is a positive integer.

Properties of the Erlang (n,0) distribution

1. The distribution function (CDF) of the Erlang distribution is given by

Fz;n,0)=1—e i (0?') = % (2.4)

2. Its survival and hazard functions are, respectively,

n—1

) 1 X _ _—bx (ax)t — M

Stwin,0) = 1= Flain,0) =™ ) Zm = —prs
gy~ J@n0) 0" e

and 0 = S0 T Ton 7

3. The moment generating function (MGF) is

M (t) = E(e™) = FG(Z) /Om e Ty = (ei)n (2.6)

4. The r*" raw moment of the Erlang distribution is given by

E(X") = % /Ooo e 0%t gy = 72(:;(”7;) (2.7)
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and hence, the first four raw moments are

Bx) =" Bx?)="0rD D gy = not Uit ?f" *32),
and EB(x1) = Mt Do +2)(n+3) (2.8)

94
Remark: The above properties of the Erlang distribution will be applied in obtaining properties
of the finite Erlang mixtures, since the component probability distributions of the Erlang mixtures
are Erlang distributions.

5. The central moments are thus

i. Variance

Var(X) = B(X?) — [E(X))? = % — = (2.9)

ii. Coefficient of skewness

e = L {BOE) = 3BCOB(X) + 20} = Jp { Rt Sl 20
(2.10)
iii. Coefficient of kurtosis
1 LB — OB + 6ECOPIEX)] - SECO])
_ % {n(n + 1)(n6;i— 2)(n+3)  4n*(n —l—ei)(n +2) N 6n (;14—1- ) 39%} (2.11)

6. The probability function of the k" order statistic is

@) = G Z <n i k) (1) [Fa))

B nlgre 0Tt ko k i [v(n,0x) i+k—1
- (k—l)!(n—k)![‘(n)z< i >(_1) { I'(n) } (2.12)

=0

7. The method of moments estimators for the Erlang distribution parameters are given by

=2

nT nT

'ﬁ,: ~—n 7 o and é: ~—n 7 o (213)
Zi:l(mi - x)2 Zi:l(xi - x)z
and the maximum likelihood estimators are
é—ﬁ and iIo I'(n) — logn + lo f—lilo z; =0 (2.14)
=3 on g g g n gTi = .

i=1

e A k-component finite mixture f(x) is given by;
k
fl@) =2 w;fi(x) (2.15)
j=1

where f;(x) is the 4" component probability distribution which can be discrete or continuous, and wj is
the weighted 7" mixing weight for j = 1,2, 3, ..., k, with the following properties; w; > 0and Zle wj = 1.
Hence, f;(x) is given by (2.3) in (2.15) for a k-component finite Erlang mixture, and for two components,
the mixtures will thus be of the form;

9(z) = wgi(z) + (1 — w)g2(x) (2.16)

where g;(x) is an Erlang distribution.
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2.1

1.

Properties of the k-component finite mixture

The distribution function (CDF) of the finite mixture can be expressed as,

T k T k
o) = [ =3 [" fwa =3 wFe)
x k T k
= f(t)dt = ij > fitdt = ijFj(az) (2.17)

where Fj(z)’s are the respective continuous and discrete j** component CDFs.

. The survival function is given by

/f t)dt = ng/ fit)dt = ij
:Zf( Z%ny t)dt = ij (2.18)

Jj=1 t=x

where S;(z)’s are the continuous and discrete 4t component survival functions respectively.

The hazard function of the mixture is given by

h(z) = % (2.19)

The moment generating function (MGF) of the finite mixture is

oo k oo k
M, (t) = E(e") = /0 e f(z)de = ij/o e fi(z)de = ijM
j=1 j=1

= e f(z) = ij > e i) = ijMz(t)j (2:20)

for the continuous and discrete component distributions respectively, where M,(t); is the 5 h component
MGEF.

. The r** raw moment of the mixture is given by

oo k o) k
E(X") :/0 mrf(:c)dx:ij/o mrfj(x)deijE X
=> 2" f(x) = ij > oafi(e) = Z%‘Ej (X7) (2:21)

for the continuous and discrete component distributions respectively, where E;(X") is the r*" raw moment
of the 5" component.
The first four raw moments of the mixture will thus be

X):ijEj(X), E(X2):ijEj(X2)7 E(XS):ijEj(X3)’

and E(XY) =) wj 2.22
J
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. The central moments of the mixed distribution are

i. Variance
pa = B(X?) - [BE(X)]* = ijEj(X2) - {ijEj(X)] (2.23)

ii. Coefficient of skewness

s _ Lo B(X) = 3B(X)E(X?) + 2[E(X)]'}

o3 o
1 k k k k 3
= > wiEi(X?) -3 [Z wiE;(X) [Z wi B (X%) | +2 D> wE(X) (2.24)
=1 j=1 Jj=1 Jj=1
iii. Coeflicient of kurtosis
M~ {BXY) — AlBCOIE(X)] + 6EORE(X?)] - 3E(0] '}
k k k 2
= 2w (X“)] 4 [ZwJEAX) S W B (X | 46 3wy (X)
j=1 j=1 j=1 j=1
k k 4

[Z w; Ej (X2)] -3 [Z wiE;(X) } (2.25)

j=1 j=1
. The probability function of the k* order statistic for the finite mixture is given by
n! _ e
I@) = = im = [F(@))* ' [1 = F(2)]" " f(x)

n—k
B #((Z)*k)' Z (n ; k) (—1) [F(a)]HF!

= TR - (";’“)HY > wiFy(a)

where f(z) is the mixture distribution and Fj(z) is the j** component distribution function in the mixed
distribution.

i+k—1
(2.26)

. Parameter estimation

Method of moments estimation (MME): The r*" sample moments have been equated to the ‘"
moments of the mixed distributions to obtain parameter estimates of the finite mixtures, that is,

IS =B, r=1,23,.. (2.27)
n
=1

Maximum likelihood estimation (MLE): The parameters of the finite mixtures have also been
estimated using MLE. The log-likelihood functions obtained from the likelihood functions have been
differentiated with respect to the parameters, and the resulting equations solved simultaneously to obtain
estimates of the parameters.
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3 The Two Component four Parameter Finite Erlang Mixture: Case 1

S

Let gi(z) = Gamma(w,0), g2(z) = Gamma(a+1,0), w= 0 and (1—-w)= pp

0+s

Then (ZC) = 0 i 6791 a—l s ﬂe*GI:ﬁa _ 004+1 679z xa71 —+ sx™
C I T s T () 0+sT(a+1) 0+ NORECES)
9a+1 xa71 —0x
= 9isTarD° (@t
let s= 2
B

(m) 7 0a+1 6791 l‘a71 ot ém
T=e 2% T+ 3

_ ﬁO{+6$ 0a+1679zmo¢71
- BO+5  T(a+1)

2>0;0>0,3>0,6>0,a=1,23,.. (3.1)

which is a 4-parameter generalized Lindley distribution with the following properties and special cases.

3.1 Properties

1. The CDF of the mixture is given by

0 ~(a,b0x) s y(a+1,0z)  [fay(o,bz) + sy(a+1,0x))

T 0+s I'(o) 0+s T(a+1) 0+ s)I(a+1)
[0afy (o, Ox) + 6vy(a + 1, 0)]

G(x)

= 3.2
(BO+ )T (a+1) (3.2)
2. The survival function is
S(x) = 0 TI(«,0z) s Dla+1,0z) [0al (e, 0z) + sI'(a + 1, 0z)]
T 0+s T(a) 0+s T(a+1) @+ s)INa+1)
_ [0afT (e, 0z) + 6T (o + 1, )] (3.3)
(B9 + 6T (a+1) ’
3 and the hazard function is thus
Batsz 62t _ox_a—1 o —0r a—
h(z) = Bo+6 T(afD€ & _ (B4 6x)0>T e 0r ot (3.4)
(00T (0,02)+0T (a+1,05)] — [@a ST (cv, Oz) + 6 (ar + 1, 0z)] '

(B0+o)I(a+1)

4. The MGF of the mixed distribution is

0 6 \* s 0\ 0t —t 4] 6°FUBO —t) + )
M:(V) = 5775 <e—t) Yo (G—t) S OT @t - GBI o O

5. The r*" moment about the origin of the 4-parameter generalized generalized Lindley distribution is given
by
B(X") = 0 I(s+a) 48 Fir+a+1) [ad+sr+a)]l(r+a) [Babd+6(r+a)l(r+a)
T 0+s 0T(a)  O+s O0T(a+1)  (0+s)0T(a+1) — (BO+8)0T(a+1)
(3.6)
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and the first four moments are therefore

B(X) = W (3.7)
Bx?) — 18od +(56(62 I;)L]Z(l +a) (3.8)

6. The central moments are

i. Variance

2
1y = [Bad 4 6(2 + )] (14 ) _{[ﬁa9+6(1+a)]}

(B0 + 6)62 (B0 + 6)6
_ Ba(a+ 1)0(B0 + 6) + 5(a + 1) (o + 2) (B0 + 6) — (Bab)? — 6%(a + 1) + 2Ba660(cx + 1) 3.11)
- 02(B86 + 5)2 '

ii. Coefficient of Skewness
Hs _ i{ [Bab + 533+ a)](2+a)(1+a) {[,8049-&-6(1 +a)]] {[ﬁa9+6(2+a)1 (1+a)
(BO + 6)03 (B +5)0 (8O + )62
[Bad 4+ 5(1 + )] 13
2 [ (B0 +0)0 } }
(a4 1) (a+2)(BO + 8)2[Baf + 6(a + 3)] — 3(a + 1)(BO + 8)[(Bah)? + Babs(a + 1)+
3603(80 + 6)3
Babdd(a + 2) + 62 (a + 1) (a + 2)] + 2[(Bad)? + 3(Bab)?5(a + 1) + 3Bahs? (o + 1)2 + 63 (a + 1)3]

o3 o3

(3.12)

iii. Coeflicient of Kurtosis

Ha L{ (B9 +5(4+ 0] B+ )2+ a)A+a) [[ﬁae+6<3+a)] (2+a)(1+a)} {[6a9+6(1+a)]
ot ot (B6 + 5)04 (86 + 6)63 (86 + 6)0
. [[6a0+5<2+a>](1+a>} [[Ba9+5(1+a>]r . [[Ba9+5<1+a)]]4}
(86 + 5)02 (8O +6)0 (B0 +6)6
(et D) (a4 2)(a + 3)(B0 + 8)®[Bab + (o + 4)] — 4 + 1) (e + 2) (80 + 8)2[(Bab)? + Babs(a
o464 (B0 + 6)4
+1) 4 Babds(a + 3) + 5% (a + 1) (a + 3)] + 6(a + 1)(80 + 5)[(Ba0)® + Babs® (o + 1)? + 28005 (cx

+1) + (Bad)?8(a 4+ 2) + 82 (a + 1) (a + 2) + 2Ba652(a + 1)(a + 2)] — 3[(Babd)?* + 4(Bab)3S(a

+1) + 6(8a08) (e + 1) + 482653 (a + 1) + 6% (a + 1)4) (3.13)

7. The probability function of the k" order statistic for the finite mixture is given by

n(Ba + §x)9tleg—0zpa—1 Nk T10aB~ (. O a )] ik —1
fo@) = M\ Ba )0 > ( ik)h)z{[e By(@, 02) + Sy(a+1,0 )1} 514
i=0

(k—1)l(n — k)I(B0 + 6)T (o + 1) * (B0 + )T (a + 1)
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8. Parameter estimation

Method of moments estimation: The parameter estimates of the finite mixture are obtained
by solving the below equations simultaneously.

[Bab + 6(1 + «)]

rital g (3.15)
[Bab +(<;(92 ;Lg;)e]?(l +a) _ ?;1 x (3.16)

(Bab + 5(3(;;1} ggg )(1+a) _ Zizl 2l (3.17)

(B + 5(4 + ozg 9(:1 t ;1(2 +a)(1+a) _ ?;1 @ (3.18)

Maximum likelihood estimation: The likelihood function of the 4-parameter finite Erlang
mixture is given by

Ba + dx; 9"‘“679“:10?_1
L(6,5,6,0) = H BO+6  T(a+1)

=[(80 + T (o + 1)) " gtV 2= [Taf ™ [] [Ba + 6] (3.19)
=1 i=1
and the log-likelihood function is

L =logL(6,8,6,a) = —nlog [(80 + d)I'(a + 1)] + n(a + 1)logh — Gixi +(a=-1) i logz;

=1
+) _log[Ba + bi] (3.20)
=1

The partial derivatives with respect to the parameters are as outlined below.

n

% - _(/mni ) a+1 Z‘C (3.21)
% T (/Beni 5 " Z; oo (3.22)
%=" @5t X_; T (3.23)
% = 7% + nlog0 + é logz; + é ﬁa% (3.24)

The above equations (3.21)-(3.24) are equated to zero and solved simultaneously to obtain estimates
of the parameters.

3.2 Special cases

i. when 0= 1, we have Type I 3-parameter Lindley distribution.

€a+1(6a+x) e—@zxa—l
86 T(a+1)’

g(z) = >0;0>0,>0a=1,23,... (3.25)
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ii.

iii.

vi.

vii.

when =1, we have Type II 3-parameter Lindley distribution.

9a+l(a+5$) e—G:txa—l
9(z) = :
0+6 T(a+1)

(Zakerzadeh and Dolati[16])
when a=1, we have Type III 3-parameter Lindley distribution.

_P(B+63) 0

g(z) = T , ©>0;6>0,>0,0>0

iv. when f=d§=1, we have Type I 2-parameter Lindley distribution.

0a+1(a + CL‘) 67911,0471
g9(x) = :
0+1 MNa+1)

when a=d=1, we have Type II 2-parameter Lindley distribution.

_ 62(5 +ZC) —0z

g(z) = 30+ 1 e, >0;6>0,8>0

(Shanker et al.[18])
when a=p=1, we have Type III 2-parameter Lindley distribution.

_ 92(1 + (51}) — Oz

g(x)—We , *>0;6>0,6>0

when a=p=0=1, we have 1-parameter Lindley distribution.

— 92(1 + 33) 67993

g(x) 011 ,

x>060>0

z>0;0>0,6>0a=1,23,..

x>0,0>0,,aa=1,2,3, ...

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

4 The Two Component Four Parameter Finite Erlang Mixture: Case 2

(z) = 6+ e 0 2! ala+1)+ éwQ
TS T+ 5

— 6a(a + 1) + 6‘7’.2 9a+2 67011‘(171
B £62 + 6 T'(a+2) ’

Let gi(x) = Gamma(a,0), g2(x) = Gamma(a+2,0), w= 9267_7_8, and (1 —w)
92 9 e o s 0a+2 0z o 0a+2 oe l'a71
Then g(x):02+sf‘(a) ' 1 92+5F(a—|—2)6 ' +1:92+56 ' (I‘(a)
9a+2 ox $a71 5
=5 s¢ F(a+2)[a(a+1)+sx]
let s= 9
B

Jr

_ s
02+ s

Sl’a+1

I'a+2)

x>0;6>0,>0,6>0a=1,23,..

)

which is a 4-parameter generalized finite Erlang mixture with the following properties and special cases.
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4.1 Properties
1. The CDF of the 4-parameter generalized finite Erlang mixture is given by

Gla) = 6% (o, 0z) s y(la+2,0x) _ [0* (o + 1)y(e, 0z) + sy(o + 2, 0)]
02+s T'(a) 02+s I(a+2) (02 + s)I'(a + 2)
B [/36’2oz(a + Dy(e, 0z) + dy(a + 2, 9$)} (4.2)
B (862 + 0)I'(a + 2) '
2. The survival function of the mixed distribution is
() = 0> T(a,02) s T(a+20z)  [0*a(a+1)I(a02)+ sT(a+2,0)]
02+s I'(a) 02+s T(a+2) (602 + s)I'(a+2)
_ [B0?ala+ 1) (a, 02) + 0T (a + 2, 6x)] (4.3)
B (862 + 6)I(a +2) '
3. and the hazard function is
Ba(a+1 sz2 9t _gx a—
h(z) = S Tarme e _ _[Bala+1) + 8?92 a2 (4.4)
[862a(a+1)D(a 02)+oT(a+2,62)]  BO2a(a + 1)I(a, 8z) + 0T (o + 2, 6z) ’
(BOZ+3)I(a12)

4. The MGF is given by

0 [e% s 0 a+2 - 0a+2 [(0 _ t)a+2 + S] B 9a+2 [ﬁ(a _ t)a+2 +5]
) ren(es) -

92
M”(t)zez—ks(@—t 02+ s \0—t (02 +)0 —t)x+2 (B0 +8)(0 - t)>+2
(4.5)

5. The rt" raw moment of the finite mixture is

0 T(r+a) s Tr+a+2) T+ [Pa(a+1)+s(r+a)(r+a+1)]
02+s 07T () 02+s 0°T(a+2) (02 4+ 5)0T(a +2)
D(r+a) [B0Pala+1)+6(r+ a)(r+a+1)]

E(X")

= (302 + 6)0'T(a + 2) (4.6)
and the first four raw moments are thus
_ [BOPala+1) +6(1 4 a)(a+2)]
B(X) = (862 +6)0(1 + ) (1)
2 [B6°a(a+1) +6(2+ a)(a+3)]
E(X*) = (367 5 067 (4.8)
g (a+2) [B0%a(a+1)+ 63+ a)(a+4)]
E(X°) = (307 + 0)0° (4.9)
4 (@+2)(a+3) [B0°a(a+1) +5(4+a)(a+5)]
E(X") = G0+ )0 (4.10)
6. The central moments are given by
i. Variance
~ T@2+a)[BoPala+1)+ 62+ a)(a+3)] I'(1+a) [B0Pala+1)+6(1+ a)(a+2)]
2= (B2 + 0)0°T (o + 2) B (B2 + 0)0T (a + 2)
_ Ba(a+1)20%(BO> +6) + 5(a+ 1)* (o + 2)(a + 3)(80% + 6) — B2a’ (o + 1)%0*—
B 02(a + 1)2(862 + 6)2
2 (a+1)2%(a +2)? - 28a(a+1)0%5(a+ 1) (a + 2) (4.11)
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ii. Coefficient of Skewness

b _ L{ L3+ a) [80°a(a+1) +5(3+ a)(a + 4)]
(862 + 6)03T (ar + 2)

2+ a) [B0°a(a+1)+ 62+ a)(a+3)]
o3 o3 (86?2 4+ 6)0°T (o + 2)
I(1+a) [B0Pa(a+1)+6(1+a)(a+2)] L(1+a) [B0Pa(a+1)+6(14 a)(a+2)] °
(802 + 60T (a + 2) (802 + )0 (a + 2) }
_ Ba(a + 1) (a+2)0%(B02 4 6)* + 6(a + 1)*(a + 2)(a + 3)(a + 4) (8% + 6)* — 35%a (o + 1)*0*

+ 2

(80% + 6) — 3Ba(a + 1)*(a + 2)66%(86% + ) — 3Ba(a + 1)3(a + 2)(a + 3)560%(86% + 6) — 3(a + 1)°
03603 (a4 1)3(802 + 0)3
(4 2)%(a + 3)00%(B6% + 6) 4+ 26%a (a + 1)%60° 4 36%0 (a + 1)3(a + 2)0*5 + 3Ba(a + 1)*(a + 2)?

2¢2 | 53 3 3
0°6° + 0°(a + 1)° (o + 2) (4.12)

iii. Coefficient of Kurtosis
I3+ a) [B0?a(a+1)+6(3+ a)(a+4)]
(BO2 +0)03T (ax + 2)

L2+ a) [B0Pa(a+ 1)+ 624+ a)(a+3)]
(802 + 0)02T (o + 2)

—4

pa 7i{l“(4+a) [B0°a(a+1) +6(4+ a)(a+5)]
(B0 + 6)0°T (o + 2)

I(1+a) [B6%a(a+1) + (1 +a)(a +2)]
(862 + 6)6L (v + 2)

ot ot

+6

2 4

I(1+4a) [B0%a(a+1) 4+ 6(1+ a)(a+2)] (14 ) [B07ala+1) +6(1+ a)(a+2)]
(B62 + 0)0L (v + 2) (B2 + 6)6T (o + 2) }

_ Bafa+ 1)°(a +2)(a+ 3)0%(80% 4 6)® + 6(a + 1) * (a4 2)(a + 3) (o + 4) (@ + 5) (862 + 6)® — 4%

(a+1)°%(a +2)%0%(80% + 6)% — 4Ba(a + 1)°(a + 2)26602 (862 + 6)% — 4Ba(a + 1)*(a + 2)(a + 3)

(a0 +4)502 (8% +6)? —4(a+ D* (a4 2)%(a + 3)(a + 4)62 (86 + 6)* + 683 (a + 1)°0%(86* + 6)+
o410 (o + 1)4(B0? + 0)*
68a(a+1)%(a + 2)26%0%(862 4 6) + 128%a* (a + 1)5(a + 2)80*(80* + 6) + 68 (a + 1)*(a + 2)

(a+3)60* (862 4 6) + 6(a + 1)* (a + 2)% (o + 3)63 (802 + 6) + 12Ba(a + 1)* (a + 2)* (v + 3)626?

(80% +6) — 38%* (a + 1)*0% — 1268%a° (@ + 1)* (o + 2)0%5 — 1882 (o + 1)* (v + 2)%0*5% —

128a(a + 1)*(a + 2)%0%6° — 36" (a + 1)* (o + 2)* (4.13)

7. The probability function of the k" order statistic for the finite mixture is given by

itk—1

_ nl[Ba(a+ 1) + sz?]got2e bz g1 [ i | [B0% (e + 1)y(e, 0z) + 6y(a + 2, 0z)]
fi(@) = (k—1)!(n —k)1(BO2 + 6+ 2) ; ( >(_1) |: (802 + 8)T'(a + 2)
(4.14)
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8. Parameter estimation

Method of moments estimation: The method of moments estimators for the parameters of the
mixed distribution can be obtained by solving the following equations simultaneously.

[B0°a(a+1) +6(1+ a)(a+2)]
(802 + 6)0(1 + o)
[B0°a(a+1)+52+a)(a+3)] 1=

=z (4.15)

== ; 4.1
(802 +6)0° n 2t (4.16)
(a+2) [592a(a+1)+6§3+a)(a+4)] 1 n y i
(B2 +0)63 n 4
(@ +2)(a+3) [f0°a(a+1) + @A+ e)(a+5)] 1 E”: 2 (4.18)
(802 + 6)6*

Maximum likelihood estimation: The likelihood function of the 4-parameter finite Erlang mixture is

given by
,BO[ o+ 1 + 51’ 9a+2 —0z; a—1
L(6,8,6,0) = H 802+ L(a+2) i
_ [(502 46T (o + 2)] T gnlat2) —0 T @ Hx;m—l H [504(0( F1)+ 6m?] (4.19)

i=1 i=1

and the log-likelihood function is

L = logL(6, 8,6,a) = —nlog [(86% + 6)T' (e + 2)] + n(a + 2)logh — 6> a; + (e — 1) > _ logws+

=1

> log [Ba(a +1) + 627 (4.20)
The partial derivatives with respect to the parameters are obtained and the resulting equations are as
follows;

SL 2n30 (a + 2) «

oL _ . 4.21
50— (BO* + 5) Z i (421)
oL a+1)

— = 4.22
6B ﬂ92+5 Z,@aa—Fl + 6x? ( )
oL

% 502+5 Zﬂanrl e (4.23)
oL nl(a + 2) (a+1) + Ba

b nmlets) logz; e ) *Pe 4.24
dax I'(a+2) +nog9—|—Zogw +Zﬁao¢+1)+5wi (4.24)

The maximum likelihood estimates of the parameters are obtained by equating equations (4.21)-(4.24) to
zero and solving them simultaneously.

4.2 Special cases
i. when § = 1, we have type I 3-parameter finite Erlang mixture.

2 a+2
g(z) = ﬂa(g;fffc F(ea Ty T > 00>08>0a=1,23 (4.25)
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ii.

iii.

vi.

vii.

when 8 = 1, we have type Il 3-parameter finite Erlang mixture.

Ol(Oé + 1) + 6'1:2 0a+2 —Gacma—l

= ; =1,2,3,... 4.2
g9(x) 75 T(ai2)° , >0;60>0,6>0a=1,23, (4.26)

when a = 1, we have type III 3-parameter finite Erlang mixture.

284622 6°

. when 8 = § = 1, we have type I 2-parameter finite Erlang mixture.

ala+1)+a® 0°F 4 o
= 0;0>0,aa=1,2,3,... 4.28
g(x) 62+1 F(Oé+2)e € ) z>00>0,« 3 &y 90y ( )

when a = § = 1, we have type II 2-parameter finite Erlang mixture.

_ 26"':62 03 —0x

= Y > 4.2
g(x) BRIl zC z>00>08>0 (4.29)

when a = 8 =1, we have type III 2-parameter finite Erlang mixture.

_ 2+($.’L’2 03 — Oz

g(x) = 215 2° z>0;0>0,0>0 (4.30)

When 6 = 2, the type III 2-parameter finite Erlang mixture becomes the Akash distribution. (Shanker[26]).
when o = 8 = § = 1, we have 1-parameter finite Erlang mixture.

_ 2+$2 03 — 0z

g(z) = 02—&—1?8 , ©>0;0>0 (4.31)

5 The Two Component Four Parameter Finite Erlang Mixture: Case 3

93
Let gi(z) = Gamma(a,0), g2(x) = Gamma(a+3,0), w= . and (1—-w)= ﬁ
93 e o 1 s 9a+3 0 42 0a+3 o CL’O‘71 8$a+2
Th — xr o T — x
e 9O =G T ¢ TEtstary’ © 71 \T@ "Tar3)
_ e e " i [+ 1) (o + 2) + s
B +s I'(a+3)
1)
Let s=—
B
9a+3 0 xoz—l Ky 3
A) = e 1 2)+ =
g(N) 93+%e Ta13) (a(a—f— (o + )+ﬁx>
Bala + D(a+2) 4+ 62> 0°T2 g 4d
= 0;0 >0 0,6 >0,a=1,2,3,... 5.1
56515 a3 © ; >0;0>0,8>0,0>0,a=1,2,3, (5.1)
which is a 4-parameter generalized finite Erlang mixture with the following properties and special cases.
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5.1 Properties
1. The CDF of the 4-parameter generalized finite Erlang mixture is

6* ~(a,02) s y(a+3,0z)  0ala+1)(a+2)y(a,02) + sy(a+ 3,02)

ER ') 34+5s I'(a+3) (6% + s)I'(a+ 3)
_ BO3a(a+ 1) (a + 2)y(a, Oz) + 5v(a + 3, 0)

G(x)

5.2
(862 + 0)I'(a + 3) (5:2)
2. and the survival function is
S(z) = 6* T(a,bz) s T(a+3,00) 0%a(a+1)(a+2)(a,0z)+ s'(a+3,0z)
T B +s I(a) 3 +s T(a+3) (6% + s)I'(a + 3)
_ BPala+ 1) (a+2)T(a,02) + 6T (a + 3, 02) (5.3)
B (863 4 6)I'(a + 3) '
3. The hazard function is given by
Ba(a+1)(a+2)+6z% 9o+3 9 a— _ _
h(z) = 56316 Farm® 2 [Bafa+ 1)(a+2) + 62%)g e 0r oL (5.4)

B03a(a+1)(a+2)T(a,0z)+6T (a+3,0) 3
e BO3a(a+ 1)(a + 2)I'(«, 0x) + 6T (a + 3, 0x)

4. and the MGF is

s 0 \° s 0\ 00— 5] 0°T[BO - t)° + 0]
M (t) = 03+ s <9—t) TE s (e—t) (B3 +s)(@—t)t3 T (B3 +6)(0 —t)~t3 (5:5)

5. The rt" raw moment of the 4-parameter generalized finite Erlang mixture is
0 T(r+a) s TDr+a+3)
T B +s 0T() B3 +s 0T (a+3)
_Ir+ a)[Pala+1)(a+2)+s(r+a)(r+a+1)(r+a+2)
(6% + 5)07T'(a + 3)
I'(r+a)B0Pala+(a+2)+6(r+a)(r+a+1)(r+a+2)

E(X")

- (863 +0)07T'(a + 3) (5:6)
and in particular the first four raw moments are
b - e
B(X?) = BO3a (o + 1)(&;324);)222(;1?)2(; +3)(a +4) (5.8)
B(X®) = B a(a+1)(a +(2ﬁ)0—; i(;);a)(a +4)(a+5) (5.9)
E(xt) = B affala+ 1)(((%321 ;)ggzl +a)(a+5)(a+6)] (5.10)
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6. The central moments are given by

ii.

iii.

- T2+ a)[80%a(a + 1)(a+2) 4+ 6(2 + o) (a + 3)(a + 4)] B I(1+4 a)[B0%a(a + 1)(a+2) + 6(1 + a)(a + 2)(a + 3)] 2

(BO3 +8)62T (o + 3) (BO3 + 8)0T (o + 3)

_ Ba(a+t 1)3(a +2)263(86% + 6) + 5(a + 1)%(a + 2)%(a + 3) (o + 4)(86° + §)—

62(a + 1)2(a +2)2(86° + )

B2a2(a + 1)2(a+ 2)20% — 62(a + 1)%(a + 2)%(a + 3)2 — 285a(a + 1)2(a + 2)%(a + 3)6°

(5.11)

Coefficient of Skewness

g1 {1"[3 +a)[ff%a(a + 1)(a +2) +8(3+ a)(a + 4)(a + 5)]
o g8

(68 + 8)f0 (o + 3)

o [+ a)[86a(a + )(a +2) +5(2+ a}{a+3)(a +4]]]
(B8 + )P (o + 3)

[I‘(l + a)[fPa{a + 1) {0+ 2) + (1 + a){o+ 2)(a + 3)|] n
(B8® + )T (o + 3)

7 [ru +a)[fa(a+ e+ 2) +8(1 + a)(o+ 2)(a +3]]]" }

(883 + 8)8{a + 3)
_ Bafe+ 1*a+2)'0°(86° + 8)° + 6o + 1)*{a + 2)(e + 3)(a + 4)(a + 5)(56° + 6)*~

36%% (o + 1)* (e + 2)70%(807 + 8) — 38dafa + 1)*{a + 2)(a + 3)07(BF7 + &) — 38dala +1)°
o303(ce + 1) + 2)3(86° + 4)8
(e 4+ 2)%er + 3) (e + DF(FO° + 8) — 36%(a + 13 + 2)%(ce + 3)% (@ + 4) (5% + &) + 26%°

(e + 1)¥a + 209 + 65%0® (o + 1) o + 2)%(a + 3)6° + 688%a(a + 1) o + 2)(a + 3)20°5°

(e + 1% + 2+ 3)° (5.12)

Coefficient of Kurtosis

fa L{ T(4+ a)[80%0(a + (e +2) + 64 + o){o+ 5)(x + 6)|

ot gl

(B 1 80T [a 1 3)
I(3 + a)[80%(a + )(a+2) + 6(3 + a){a + 4)(a + 5)]
[ (B + 6)F°T(a 1 3) ]
U1+ a)[8f%afe + D)o+ 2) + 81 + a)(e + 2){a + 3)]
[ (B0° + 9)fT(a + 3) ] !
6 [[‘(2 + a)[f8%a(o + Dio+2) + 602 + ad{o + 3){a + 4)|]
(B6° + 60T (a 1 3)
[I"(I + ) [BPala + e+ 2) + 5(1 +a){a + 2) (o + 3)|r
B0 1 6 (a 1 3)
- [I"(I b a0l + 1)+ 2) +8(1 + a)(a+ 2)(e+ 3)|]*
: (B6° + 6)0T a1 3)
Bofo + 1)5(a + 2)%a + 3)P(E0% + 6)* + dla + 1) o+ 2)Ya + 3o + (o + 5)(a+6)

4

(80 + 6)* — 47%0® (o + 1)%(a + 2)509 (36 + 0)° + 480ce(o + 1% + 2)% (o + )P (B + 5)%+

Af5a(o + 1 e + 2)Ya + 3)(e + 4o + 5)F AP + 612 + 4% + 1) a + 2% + 3P (a + 4)

(o + 5)(A0° + 8)% + 68% (o + 1)%a + 2)'07(B6° + 8) + 658%a(a + 1)%(a + 2)'a + 3)%7
Mo+ 1) o+ 24 (868 + §)
(B6° + 8) + 126%0% (0 + 1) (a + 2)"a + 3)%(30° + 8) + 68200 (o + 1)} (a + 2)% 0 + 3)(a + 4)

F5(36° + &) + 66%(a + 1) (e + 2)* o+ 3)%(a + 4)(F6° + ) + 1286 a(o + 1) (a + 2)*(a + 3)*

(o + 4)07(80° + 8) — 38% o + 1) (o + 2)%9"2 + 128%0%(a + 1)* o + 2)*(a + 3)H° + 185%%2

(a4 1) o+ 2)%a + 3)%0% + 1288%(a + )Y o+ 2)%a + 3%° + 36 (a+ 1) + 2)*(a + 3)

(5.13)

186



Gathongo; Asian J. Prob. Stat., vol. 26, no. 10, pp. 171-191, 2024; Article no.AJPAS.122335

7. The probability function of the k" order statistic for the finite mixture is given by

mlafa + D(a+2) + 8l e N k)
(k—1)!(n — k)[BO3 + 0T (a + 3) i

B0 a(a+ 1) (e + 2)y(av, Oz) + 5y(c + 3, 9:1:)} et
(863 + §)I'(a + 3)

fr(x) =

i=0

(5.14)
8. Parameter estimation

Method of moments estimation: By solving the equations below simultaneously, the estimators
of the mixture distribution are obtained.

BOPa(a+ 1) (a+2) + 5(1 + a)(a +2)(a + 3)

(863 +6)0(a + 1)(a + 2) - (19

BOPala + 1)(?/3;321;)(; (22( ;f);)a +3)( Z 2 (5.16)

BOPa(a +1)(a +(Z)6jj(§);3a)(a +4)(a+5) _ 1 xf (5.17)

(3 + a)[f0*a(a + 1)(&-0%321;)(;&4 +a)(a+5)(a+6)] x;‘ (5.18)

Maximum likelihood estimation
The likelihood function of the 4-parameter finite Erlang mixture is

ﬁ Ba(a +1)(a+2) + sxf 93 |

L(9,8,6,a) = BO3+ 6 I(a+3) ‘

n

= [(86° + 6)I'(a + 3)] S PR R H ! H [Ba(a + 1) (e + 2) + 027
i=1 i=1

(5.19)
and the log-likelihood function is

L =logL(9,3,0,a) = —nlog [(ﬁ03 + 0)I'(ar + 3)] + n(a + 3)logh — Hzn:xi +(a—1) z": logz;+

i log [Ba(a + 1) (e + 2) + 6;15?] (5.20)

The derivatives with respect to respective parameters are

SL 316> (a + 3)

5= (693 — 5) Zx (5.21)
oL (a + 1 a+2)

88 ,803 +9) Z ,Ba (a + 2) + 6z (5.22)
oL z}

80 593 + ) Z Ba(a+1)(a+2) + dx3 (5:23)

oL M+n.ogo+z|ogxi+zﬁ(‘””(“”)*ﬁ“‘““)*m(o‘“) (5.24)

Sa  T(a+3) Ba(a + 1)(a + 2) + 623

By equating the above equations (5.21)-(5.24) to zero and solving them simultaneously, the maximum
likelihood estimates of the parameters are obtained.
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5.2 Special cases
i. when § = 1, we have type I 3-parameter finite Erlang mixture.

_ Bala+ D(a+2)+a° 07 4 0

; =1,2,3,.. 2
g(z) 50° 11 (a1 3) 7, x>0;0>0,8>0,« ,2,3, (5.25)

ii. when 8 =1, we have type Il 3-parameter finite Erlang mixture.

Cala+)(a+2)+6z® 0T 4 o ) .
g(x) = I I‘(a+3)6 77, x>0;6>0,0 >0,a=1,2,3,... (5.26)

iii. when a = 1, we have type III 3-parameter finite Erlang mixture.

68 +02° 0" 4,

— - TOoT 7 ~ 2
g(z) 50 10 6 x>0;0>0,6>0,6>0 (5.27)

iv. when 8 =9 = 1, we have type I 2-parameter finite Erlang mixture.

ala+1)(a+2)+2> 0°T 4 4d

= - , 0;0 >0,a=1,2,3,... 5.28
9(z) 3+ 1 Tat+3)° * v=00=0a (5:28)
v. when o = § = 1, we have type II 2-parameter finite Erlang mixture.
68+ 6' g,
=Tt 7 -0 2
g(x) 593—1—166 , ©>0;6>0,>0 (5.29)

vi. when a = 8 =1, we have type III 2-parameter finite Erlang mixture.

6+6$3 94 — 0z
g(iE) = 63+6 ge )

x>0;6>0,6>0 (5.30)

When ¢ = 6, the distribution is a one parameter Rama. (Shanker[28])

vii. when o = 8 = § = 1, we have 1-parameter finite Erlang mixture.
() = 6+ ‘9—46_61
I =116

x>0;0>0 (5.31)

6 Application

An application of the three cases of the generalized finite Erlang mixture has been demonstrated in this section.
To assess and compare their goodness of fit, the three mixed distributions have been fitted to data on the relief
times in minutes of patients receiving an analgesic. The data set was provided by Gross and Clark[30] in 1975 and
has since been applied by various authors including Shanker[26] in studying the Shanker distribution, Shanker[11]
in fitting the Amarendra distribution, Nwikpe and Iwok[10] in evaluating a three-parameter Sujatha distribution,
and Oguntunde[31] in assessing the generalized inverse exponential distribution. The -2 log-likelihood (-2In(L)),
Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC) and Akaike Information Criterion
Corrected (AICC) statistics have been used for comparison, and they are computed using the formulae below.

AIC = =2InL + 2k, BIC = —2InL + kinn, AICC = AIC + %, where k is the number of parameters and
n is the sample size.

Data set: The relief times (in minutes) of 20 patients receiving an analgesic
1.1,1.4,1.3,1.7,1.9,1.8,1.6,2.2,1.7,2.7,4.1,1.8,1.5,1.2,1.4,3.0,1.7,2.3,1.6,2.0

The finite Erlang mixtures give better fits compared to the rest of the finite mixtures, as seen in the statistics
used in the comparison, which are lower for the mixed finite Erlang distributions compared to those of the
Akash, exponential, Shanker, Lindley, Sujatha, and Amarendra distributions. Case 2 gives a better fit than case
1, while case 3 gives the best fit among the 3 cases of the mixed Erlang distributions.
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Table 1. Parameters estimates, -2In(L), AIC, BIC and AICC statistics for the 3 cases of the
2-component 4-parameter Erlang mixture, and other mixed finite distributions using the relief
times’ data set

Distribution Estimated parameters -2ln(L) | AIC | BIC | AICC
Akash distribution - 0=1.1569 - - 59.52 61.52 | 62.52 | 61.74
Exponential distribution - 0=0.5263 - - 65.67 67.67 | 68.67 67.9
Shanker distribution - 0=0.8039 - - 59.78 61.78 | 62.78 | 62.01
Lindley distribution - 0=0.8161 - - 60.5 62.5 63.5 | 62.72
Sujatha distribution - 0=1.1367 - - 57.5 59.5 60.5 | 59.72
Amarendra distribution - 6=1.4808 - - 55.64 57.64 | 58.63 | 57.86
2-component Case 1 | &=8 0=>5.1 £=0.001 | §=2.87 36.7 44.7 | 48.68 | 47.37
4-parameter Case 2 | a=7 0=5.08 £=0.0001 | =3.69 36.6 44.6 | 48.58 | 47.27
Erlang mixture | Case 3 | &=10 0=5.52 £=0.15 0=3.42 35.45 43.45 | 47.43 | 46.12

Erlang distribution Erlang mixture (Case 1)
o | /7 =1 7T
= _,-/ \ 5 7 L.
|/ N i / \.\
¥ % \ o P \
T © N - o / 4
=] b 2 / X
§ \ S -
= A & \
] o~ | \ o~ %
o (=]
= S I \
o | = — o | =
2 T T T T T T 2 T T T T T T
10 456 20 25 30 35 40 100 5 20 2% 30 35 40
relief imes (in minutes) relief imes (in minutes)
Erlang mixture (Case 2) Erlang mixture (Case 3)
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Fig. 1. The pdfs for the Erlang distribution and the 3 cases of the mixed Erlang finite mixture
using the relief times’ data set.
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7 Conclusion

Three cases of the two-component 4-parameter generalized Erlang mixture have been derived, each with varying
mixing weights and component probability (Erlang) distributions. These include their special cases: the two-
component 1, 2, and 3-parameter finite Erlang mixtures. The properties of these mixtures, including the
distribution function, survival function, hazard function, moment generating function, raw and central moments,
mean, variance, coefficient of skewness, coefficient of kurtosis, and order statistics, have been thoroughly explored.
Parameter estimation was conducted using the method of moments and maximum likelihood estimation.

Applying the finite Erlang mixtures to a real dataset demonstrated that they provide superior fits compared to
other mixed finite distributions.

For future research, it is recommended to construct additional finite Erlang mixtures using various mixing
weights and probability distributions, and to further explore their applications in different contexts.
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