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ABSTRACT

In this paper, we study and answer the following fundamental problems concerning classical equilibrium statistical me-
chanics: 1): Is the principle of equal a priori probabilities indispensable for equilibrium statistical mechanics? 2): Is the
ergodic hypothesis related to equilibrium statistical mechanics? Note that these problems are not yet answered, since
there are several opinions for the formulation of equilibrium statistical mechanics. In order to answer the above ques-
tions, we first introduce measurement theory (i.e., the theory of quantum mechanical world view), which is character-
ized as the linguistic turn of quantum mechanics. And we propose the measurement theoretical foundation of equili-
brium statistical mechanics, and further, answer the above 1) and 2), that is, 1) is “No”, but, 2) is “Yes”.

Keywords: The Copenhagen Interpretation; Probability; Operator Algebra; Ergodic Theorem; Quantum and Classical

Measurement Theory; Liouville’s Theorem; The Law of Increasing Entropy

1. Introduction

Recently in [1-6] we proposed (classical and quantum)
measurement theory, which is characterized as the lin-
guistic (or, metaphysical) turn of quantum mechanics. As
seen in [1-6], this theory includes several conventional
system theories (e.g, quantum system theory, statistics,
dynamical system theory and so on). Also, for the phi-
losophical aspect of measurement theory (called the qu-
antum mechanical world view), see [5]. And thus, we be-
lieve that measurement theory is one of the most fun-
damental theories in science.

Note that there are several opinions ( cf. [2,3,7-9] ) for
the formulation of equilibrium statistical mechanics, and
hence, there are several opinions for the problems 1) and
2) mentioned in the abstract.

The purpose of this paper is to reinforce our method [2,
3], or equivalently, to clarify the principle of equal pro-
bability and the ergodic hypothesis in the light of mea-
surement theory [4,5] (i.e., Axioms 1 and 2, Interpreta-
tion (E) mentioned in the following section).

2. Measurement Theory (Axioms 1 and 2,
Interpretation)

In this section, according to [4], we explain the outline of
measurement theory (or in short, MT).

Measurement theory is, by an analogy of quantum me-
chanics (or, as a linguistic turn of quantum mechanics),
constructed as the mathematical theory formulated in a
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certain C"-algebra A (i.e., a norm closed subalgebra
in the operator algebra B(H) composed of all bounded
operators on a Hilbert space H, cf. [10,11] ) as follows:

(A) [MT]=[measurement]+[causality]
(language) Axiom 1) (Axiom 2)

For completeness, note that measurement theory (A) is
not physics but a kind of language based on “the quan-
tum mechanical world view” (cf. [5]).

When A=B,(H), the C"-algebra composed of all
compact operators on a Hilbert space H, the (A) is called
quantum measurement theory (or, quantum system the-
ory), which can be regarded as the linguistic aspect of
quantum mechanics. Also, when A is commutative (that
is, when A is characterized by C,(Q), the C’-algebra
composed of all continuous complex-valued functions
vanishing at infinity on a locally compact Hausdorff
space Q (cf. [10])), the (A) is called classical measure-
ment theory. Thus, we have the following classification:

quantum MT (when A=B; (H))

(By) MT .
classical MT (when A=C,(Q))

Hence, we consider that

(B,) the theory of classical mechanical world view
= classical measurement theory in (B)
c MT (i.e., the theory of quantum mechanical
world view).

And we never consider that

(B5) the theory of classical mechanical world view
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= Something like Newtonian mechanics

+ Kolmogorov’s probability theory [12],
which may be usually called dynamical system theory. It
should be noted that Ruelle’s method (cf. [7]), which is
the most authorized approach to equilibrium statistical
mechanics, is based on the (B;). Thus, our interest in this
paper may be regarded as our method [2,3] in (B,) versus
Ruelle’s method [7] in (B3) .

Now we shall explain measurement theory (A). Let
A(g B(H )) be a C"-algebra, and let A" be the dual
Banach space of A. That is, A" = {p| p 1s a continuous
linear functional on A }, and the norm || Pl is defined

by sup{|p(|:)|: F e A such that |[Fl, (= [Fllg,) < 1}.
Define the mixed state p(c A”) such that |pf » =1
and p(F)>0 for all F € A such that F >0 . And put
S"(A)= {p e A’|p is amixed state}.

For example, note that S" (CO (Q)*) =MT(Q) =
{p|p is a measure on Q such that p(Q)=1}. A
mixed state p(e S"( A*)) is called a pure state if it
satisfies that p=6p, +(1-) p, for some
PP, €G"(A") and 0<6<1 implies p=p =p,.
Put Gp(A*)={p66m(A*)|p is a purestate},
which is called a state space. It is well known (cf. [10])
that Gp(BC(H)*)= {luxu| (i.e., the Dirac notation)

[ lull, =1} and &°(c,(0)") =
measure at @, € Q, where IQf (0)6,, (do) = f (o)

(Vf €Co (). The latter implies that &°(C,()")

can be also identified with € (called a spectrum space

or maximal ideal space) such as
&°(C,(Q) )20, ©we O (1)

(spectrum space)

{5% |5a,0 is a point

(state space)

In this sense, the Q is also called a state space in
classical measurement theory.

Here, assume that the C"-algebra A(c B(H)) has
the identity | . This assumption is not unnatural, since,
if I ¢ A, it suffices to reconstruct the above A such that
it includes AU{1}. According to the noted idea (cf. [13])
in quantum mechanics, an observable O:=(X,F,F) in
A is defined as follows:

(C)) [Field] X is a set, F(< 2, the power set of
X)isafieldof X, thatis,“E,2,eF=>E UZE,eF ",
“EeF=X\EeF"”.

(C,) [Finite additivity] F is a mapping from F to A
satisfying: 1): for every ZEe€ F, F(Z) is a non-negative
element in A such that0<F(Z)<1, 2): F(»)=0
and F(X)=1, where 0 and | is the 0-element and the
identity in A respectively. 3): for any =,,E, € F such
that = NE, =, it holds that
F(E,UE,)=F(§)+F(E,).

For the further argument (e.g., o -field, countably
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additivity, the w” -algebraic formulation, etc.), see [4,
6].

With any system S,a C"-algebra A(cB(H)) can
be associated in which the measurement theory (A) of
that system can be formulated. A state of the system S is
represented by an element p(e Ch (A*)) and an Ob-
servable is represented by an observable O:=(X,F,F)
in A. Also, the measurement of the observable O for
the system S with the state p is denoted by
M, (0,S,,;) (or more precisely,

M, (O =(X,F, F),S[p])). An observer can obtain a mea-

sured value X (e X ) by the measurement M, (O, S, p]) .

The Axiom 1 presented below is a kind of mathema-
tical generalization of Born’s probabilistic interpretation
of quantum mechanics. And thus, it is a statement with-
out reality.

Axiom 1 [Measurement]. The probability that a mea-
sured value x (e X ) obtained by the measurement
M, (0:=(X,F,F),S,) belongs to a set Z(cF) is
givenby p,(F(2)).

Next, we explain Axiom 2 in (A). Let (T,<) be a tree,
i.e.,, a partial ordered set such that t <t, and t, <t,
implies t, <t, or t, <t . Assume that there exists an
element t, €T, called the root of T, such that t, <t
(VteT) holds. Put T2 ={(t,t,)eT [t <t,|. The fa-

mily {q)tptz A A is called a Markov re-

i ter?
lation ( due to the Heisenberg picture), if it satisfies the
following conditions (D;) and (Dy).
(D) With each teT, a C"-algebra A is associ-
ated.
(D) For every (t.t,)eT’, a Markov operator
®, , A, > A isdefined. And it satisfies that

@, D, =D, holdsforany (t,t,), (t,,t,)eT’.

L T

The family of dual operators
(o, e"() > e (A)]
kov relation (due to the Schrédinger picture). Also, when
d)f]‘tz (6p (AT )) c ((‘Sp (AZ )) holds for any (t.t,)eTZ,
the Markov relation is said to be deterministic.

Now Axiom 2 in the measurement theory (A) is pre-

sented as follows:
Axiom 2 [Causality]. The causality is represented by

a Markov relation {®, . :A — A }(WET<2 .

Further, we have to explain how to use Axioms 1 and
2 as follows. That is, we present the following interpre-
tation (E) [=(E,) — (E4)], which is characterized as a kind
of linguistic turn of so-called Copenhagen interpretation.
That is, we propose ( cf. [4,5]):

(E;) Consider the dualism composed of observer and
system( =measuring object). And therefore, observer and

, iscalleda dual Mar-
1.ty )eTs
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system must be absolutely separated.

(E,) Only one measurement is permitted. And thus, the
state after a measurement is meaningless since it can not
be measured any longer. Also, the causality should be
assumed only in the side of system, however, a state
never moves. Thus, the Heisenberg picture should be
adopted.

(E;) Also, the observer does not have the space-time.
Thus, the question: When and where is a measured value
obtained? is out of measurement theory.

Thus, we say that

(E4) there is no probability without measurement.

Since measurement theory is a kind of language, the
spirit is based on Wittgenstein’s famous statement: “the
limits of my language mean the limits of my world”. Thus,
the (E;) says, for example, that Schrodinger’s cat is out
of the world of measurement theory.

3. Equilibrium Statistical Mechanics in
Measurement Theory

3.1. Statements Concerning Axiom 2 (Dynamical
Aspect; Ergodic Hypothesis)

3.1.1. Equilibrium Statistical Mechanical Phenomena
Assume that about N(~10**) particles (for example,
hydrogen molecules) move in a box. It is natural to
assume the following phenomenas 1)-4)

1) Every particle obeys Newtonian mechanics.

2) Every particle moves uniformly in the box. For
example, a particle does not halt in a corner.

3) Every particle moves with the same statistical
behavior concerning time.

4) The motions of particles are (approximately)
independent of each other.

In what follows we shall devote ourselves to the pro-
blem:

(F) how to describe the above equilibrium statistical
mechanical phenomenas 1)-4) in terms of measurement
theory.

For completeness, again note that measurement theory
is a kind of language.

3.1.2. About 1)

In Newtonian mechanics, any state of a system composed
of N(=10*) particles is represented by a point (q, p)
(= (position, momentum) = (0yy050>0sy5 Py Pan> Pyn ot )
in a phase (or state) space R°".Let H:R*™ >R bea
Hamiltonian such that

H ((qln’an’qm’ plnv pznv p3n ):‘=])

) > 2
= Z (pkn) + U((an’qzn»qm)::l)'
n=1k

2.3 2 x particle'mass

Copyright © 2012 SciRes.

Fix E > 0. And define the measure v¢ on the energy
surface Q_ (z {(q, p)eR™|H (q,p) = E}) such that

ve(B)= JB|VH (Qa p)|71 dmgy

3)
(VB € B, , the Borel field of Q)

where

o (B2 (3] (]

and dmg,_, is the usual surface measure on Q.. Let

{‘//tE }mq@ be the flow on the energy surface Q; in-
duced by the Newton equation with the Hamiltonian H,
or equivalently, Hamilton’s equation:
dg, _oH dp, _ oH
dt  op, dt  ag,’ )
(k=1,2,3, n=1,2,---,N).

Liouville’s theorem ( cf. [9]) says that the measure v,

o . e i
is invariant concerning the flow {1//1 }_OO <o’ Defi
. . _ _ 1%
ning the normalized measure v, suchthat v, =—+F—,
Ve (QE )

we have the normalized measure space (QE »Bog Ve ) .

Putting A=C,(Q:)=C(Qg) (from the compact-
nessof Qg), T=R, & =(q(t),p(t), ¢, =V >

@, ., 50)[] =06, @) (Va)tl GQE), we define the deter-

ministic Markov relation

{®,:C(Q) > C(Qe)} in Axiom 2.

(t.t)eT2

3.1.3. About 2)
Now let us begin with the well-known ergodic theorem
(cf. [9, 14]).

For example, consider one particle P,. Put
Sq ={a)e QE| a state @ such that the particle P,
always stays a corner of the box}. Clearly, it holds that
Sy SO . Also, if yF(Sq)cS, (0= Vt<w), then
the particle B, must always stay a corner. This contra-
dicts 2). Therefore, 2) means the following:

2)’ [Ergodic property]: If a compact set
S(cQe,S#J) satisfies yF(S)cS (0=SVt<w),
then it holds that S =Q.

The ergodic theorem (cf. [14]) says that the above 2)’
is equivalent to the following equality:

L (v (o))

(time average)

(VaeR,Vf eC(Qg), Va, Q)

[, f(@)7 (do) = im
Qe T—>w
((state) space average)

After all, the ergodic property says that if T is su-
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fficiently large, it holds that

a+T
f

IQE f(0)Ve (do) = TLL (l//tE (@, )) dt. (5)

Put m; (dt)= $ . The probability space

([a,a +T], By pirp My ) (or equivalently,
([O,T],B[O,T],n_})) is called a (normalized) first staying
time space, also, the probability space (QE, B,, ,17E) is
called a (normalized) second staying time space. Note
that these mathematical probability spaces are not related
to probability” ( cf. Section 3.2).

Remark 1. [About 2)’]. In [2,3], we started form the
mathematical statement 2)’. In this paper, this is im-
proved by the phenomenological statement 2).

3.1.4. About 3) and 4)

Put K, :{1,2,--',N(z1024)}. For each k(e K,), de-
fine the coordinate map m:Q:(cRN)—>R® such
that

T () = m,(d, P)
= 7 (G O Gy Prys Pans P )y ) (6)
= (s Gk > Ak > Puics Pakcs P )

for all

0= (q, p) = (q]n$q2n’q3n> Pins Pans Psn ):Ll
€Qc (crR™)
Also, for any subset K (g Ky ={L2,--,N(x 1024)}) ,

define the distribution map
DY :Q: (c RM)—> M7 (RS) such that

1
(a,p) — E
D = %mﬁnﬂmp) (V(q, P)e Qe (cR™ ))

where #[K] isthe number of the elements of the set K.
Let ,(€Q.) be a state. For each n(eKy), we de-
fine themap X :[0,T] > R® such that

X (=7 (vE () (VEe[oT]) )

N .
., as random functions on the

And, we regard {X;”O } .

probability space ([0,T],Byy),M; ). Then, 3) and 4)
respectively means

, N
3) {XT?O}FI
identical distribution concerning time. In other words,

there exists a normalized measure p. on R® (e,
Pe € M} (R®)) such that:

m ({te[0,T]: X2 (1) eE}) = pe (2)
(VEeB,,n=1,2,--,N)

is a sequence with the approximately

®

]R(”
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. N
4) {xf?o }n:1
sense that, for any K, c {1,2,---, N(= 1024)} such that

is approximately independent, in the

# K
1<#[K)]< N (thatis, %z 0), it holds that

m, ({t e[0,T]: X () eE, (B ).k e KO})
~ xmy ({te[o.T]: X2 () eE, (B )}).

keK,

The following important remark was missed in [2,3].
This is the advantage of our method in comparison with
Ruelle’s method ( cf. [7]).

Remark 2. [About the time interval [0,T]]. For exam-
ple, as one of typical cases, consider the motion of 10**
particles in a cubic box (whose long side is 0.3 m). It is
usual to consider that averaging velocity = 5x10>m/s,
mean free path = 107" m. And therefore, the collisions
rarely happen among #[KO] particles in the time inter-
val [0,T], and therefore, the motion is “almost inde-
pendent”. For example, putting #[K,]=10", we can
cal-culate the number of times a certain particle collides
with K -particles in [0,T] as

-7 1024 - 2 -5 .
107" x ><(5><10)><Tz5x10 xT . Hence, in

10"

order to expect that 3)° and 4)’ hold, it suffices to

consider that T ~5 seconds.
Also, we see, by (7) and (5), that, for K, (< Ky)
such that 1<#[K ]< N,

m ({tel0T]: X2 (0 es, (<By).kek,})

M ({te[0.T]:m 0 (@) €5, (B ) ke K, })
[ {eelomliv (@) () (23] ©
ACOMNEY]

(7o ((m)) oo )

Particularly, putting K, ={k} , we see:
m ({te[0,T]: X2 () e E}) = (7 o )(2)
(VE € B]Rﬁ )

Q

(10)

Hence, we can describe the 3) and 4) in terms of
{m, }:=1 in what follows.

Hypothesis A [3) and 4)]. Put Ky ={1,2,-,N(~10*)}.
Let H, E, v, Vg, m :Q; —>R° be as in the above.

Then, summing up 3) and 4), by (9) we have:
N
(&) {nk Q- R6}k:1 is approximately independent

random variables with the identical distribution in the
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sense that there exists p. € M} (R®) such that
® pe (= “product measure”)

keK

)

forall K,c Ky and 1<#[K,]<N.
Also, a state (g, p)(e Q) is called an equilibrium
state if it satisfies D" ~ pg .

3.1.5. Ergodic Hypothesis

Now, we have the following theorem ( cf. [2,3]):
Theorem A [Ergodic hypothesis]. Assume Hypothesis

A (or equivalently, 3) and 4)). Then, for any

@,=(q(0), p(0)) € Q¢ , it holds that
o @ m (teor):xr wes))
(VEeBk=1,2,-,N(=10™))

for almost all t. That is,
0 <y ({t[0,T]:(12) does not hold})<1.
Proof. Let K, = K, suchthat 1< #[K;]=N, <N

. 1 #[K, | .
(that is, ~0= ). Then, from Hypothesis A,
#K, ]
the law of large numbers ( cf. [12]) says that

D'(g](t),p(t)) XV o n;l (z pE) (13)

for almost all time t. Consider the decomposition Ky =
. L
K Ky Ky - (e Ky=U LKy, »
Koy MKy =D (1 #17)), where #[ Ky, ]~ N,
(I=1,2,---,L). From (13), it holds that, for each k
(=1,2,--,N(x10*)),
, 1< (@).p(t)
DEO-P®) :WZ[#[K“)]X D™ |

Ky

L ! (14)
zﬁ;[#[K(l)]XpE] ~ Ve 011:;] (z pE),

for almost all time t. Thus, by (10), we get (12). Hence,
the proof is completed.

We believe that Theorem A is just what should be
represented by the “ergodic hypothesis” such that

“population average of N particles at each t”
= “time average of one particle”

Thus, we can assert that the ergodic hypothesis is re-
lated to equilibrium statistical mechanics (cf. the 2) in the
abstract). Here, the ergodic property 2)’ (or equiva-
lently, equality (5)) and the above ergodic hypothesis
should not be confused. Also, it should be noted that the
ergodic hypothesis does not hold if the box (containing
particles) is too large.
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Remark 3 [The law of increasing entropy]. The en-
tropy H(q,p) ofastate (q,p)(eQ;) is defined by

H(a,p)= klog[vE ({(q', p')eQe :DP ~ Daﬁm}ﬂ
where
k= [Boltzmannconstant]/ ([Plank constant]3N N!)

Since almost every state in Q. is equilibrium, the
entropy of almost every state is equal klogv, (QE).
Therefore, it is natural to assume that the law of in-
creasing entropy holds.

3.2. Statements Concerning Axiom 1
(Probabilistic Aspect; Measurement)

In this section we shall study the probabilistic aspects of
equilibrium statistical mechanics. For completeness, note
that

(H) the argument in the previous section is not related
to probability

since Axiom 1 does not appear in Section 3.1. Also,
recall the (E,), that is, there is no probability without
measurement.

Note that the (12) implies that the equilibrium stati-
stical mechanical system at almost all time t can be re-
garded as:

(I) a box including about 10** particles such as the
number of the particles whose states belong to
E(e B, ) is given by pg (2)x10%.

Thus, it is natural to assume as follows.

(J) if we, at random, choose a particle from 10** par-
ticles in the box at time t, then the probability that the
state (0;,0,,05, P, Py, P;)(e R®) of the particle belongs
to E(E BR(,) is given by pg (B).

In what follows, we shall represent this (J) in terms of
measurements. Define the observable
0, =(R%,B,;,F,) in C(Q) such that

ki, (g, p)eE
[Fo(s)](q,p)=[D(Kq~’m](E)LE dd #Ein]) }]J

(VEe B.:» V(0. p) € Qe (c RGN)). (15)
Thus, we have the measurement

— (6
MC(QE)(OO . (R ’BR()’FO)’SP%(QO,D())]). Then we say,

by Axiom 1, that
(K) the probability that the measured value obtained
by the measurement

M 0, :=(R*,B,.,F,),S

]Rﬁ’

cop) ( ]) belongs to

(e BRG) is given by pg (=). That is because Theo-

rem A says that [F,(2)](, (9. Py)) = e () (almost
every time t).

[§Wt(q0ap0)
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Also, let WE :C(Q.)—>C(Q.) be a deterministic
Markov operator determined by the continuous map
wE :Qp > Q (cf. Section 3.1.2). Then, it clearly holds
YEO, =0,. And, we must take a
MC(QE)(OO’S[(Q(tk)sP(tk))]) for each time t,t,,---,t,, -t .
However, Interpretation (E,) says that it suffices to take
the simultaneous measurement
Mcq,) (X::poss[a‘(q(m ooy] | - Here, for the simultaneous
observable XEZIOO, see, for instance, Examples 1 and 3
in [4].

Remark 4. [The principle of equal a priori probabi-
lities]. The (J) (or equivalently, (K)) says choose a par-
ticle from N particles in box, and not choose a state from
the state space Q. Thus, as mentioned in the abstract,
the principle of equal (a priori) probability is not related
to our method. If we try to describe Ruele’s method [7]
in terms of measurement theory, we must use statistical
measurement theory ( cf. [2,6]). However, this trial will
end in failure. Also, our recent report [15] will promote
the understanding of measurement theory.

4. Conclusions

Our concern in this paper may be regarded as the pro-
blem: “What is the classical mechanical world view?”
Concretely speaking, we are concerned with the problem:
“(B,) vs. (B3)”, and thus, “our method [2,3] vs. Ruele’s
method [7]”. In this paper, we added important remarks
(i.e., Remarks 1 and 2) to our method [2,3], and streng-
thened our method in the light of the mechanical world
view [4,5].

Equilibrium statistical mechanics is of course one of
the most fundamental theories in science. And it is sure
that Ruele’s method [7] has been authorized for a long
time. Therefore, we hope that our proposal will be exa-
mined from various view points.
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