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ABSTRACT

In this paper, we define the binomial transform of the generalized fifth order Pell sequence and as
special cases, the binomial transform of the fifth order Pell and fifth order Pell-Lucas sequences will
be introduced. We investigate their properties in details. We present Binet’s formulas, generating
functions, Simson formulas, recurrence properties, and the summation formulas for these binomial
transforms. Moreover, we give some identities and matrices related with these binomial transforms.

Keywords: Binomial transform; fifth order Pell Sequence; fifth order Pell numbers; binomial transform
of fifth order Pell Sequence; binomial transform of fifth order Pell-Lucas sequence.

2010 Mathematics Subject Classification: 11B37, 11B39, 11B83.

1 INTRODUCTION AND PRELIMINARIES

In this paper, we introduce the binomial transform of the generalized fifth order Pell sequence and
we investigate, in detail, two special cases which we call them the binomial transform of the fifth
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order Pell and fifth order Pell-Lucas sequences. We investigate their properties in the next sections.
In this section, we present some properties of the generalized (r, s,t,u,v) sequence (generalized
Pentanacci) sequence.

The generalized (r, s,t,u,v) sequence (the generalized Pentanacci sequence or 5-step Fibonacci
sequence)
{Wn}nZO = {Wn(W(L W17 W27 WS, W4; r,s, t7 u, U)}nzo

is defined by the fifth-order recurrence relations

Wy =1Wpo1 4+ sWh_o+tWp_3 +uW,—4 + W, _5, Wo=a, Wi =bWy=c,Ws=d,Ws=c¢

(1.1)
where the initial values Wy, W1, Wa, W3, Wy are arbitrary complex (or real) numbers and r, s, ¢, u, v
are real numbers. Pentanacci sequence has been studied by many authors and more detail can
be found in the extensive literature dedicated to these sequences, see for example [1,2,3,4,5]. The
sequence {W, }, >0 can be extended to negative subscripts by defining

u t s r 1
W_on=—W_tn_1) — —W_(n_2) — =W_(n_3) — —W_(n —W_(no
o V=) = W) = EWone3) = W) W (ns)
forn =1,2,3, .... Therefore, recurrence (1.1) holds for all integer n.

As {W,} is a fifth order recurrence sequence (difference equation), it's characteristic equation is

#° —rat —sa® —ta® —ur —v=0 (1.2)

whose roots are «a, 8,7, J, A. Note that we have the following identities:

a+pB+yv+d+A = 1
aftord+ay+BA+ad+B8y+ Ay +BI+AN+v6 = —s,

a4 afy+ary+aBd+aXd+ Ay +ayd + BAI+ Byd +Ayd = ¢,
affdy + aBAé + aByd +aryd + fAyd = —u

afyéx = .

Generalized Pentanacci numbers can be expressed, for all integers n, using Binet’s formula.

Theorem 1.1. [4, Theorem 1.] (Binet's formula of generalized (r, s,t,u,v) numbers (generalized
Pentanacci numbers))

n

pro p2 "

Wp = + (1.3)
(0 = B)(x = V)(ax =) (a=A) (B—a)(B—7)(B—38)(B—A)
N 37" N Ppad”™ n ps A" 7
(v—a)(v=B)(v=H(r—=A) (—a)(d =B =7 =) (A—a)XA=B)A—7)(A—9)
where
1 = Wa—(B+7+3+MNW3+(BA+ By + A7+ B+ X5 +8)Wo—(BAy + BAS + ByS + Ay8) W 1 +(BAy8) W,
P2 = W47(oc+7+6+)\)W3+(a)\+a’y+a6+)\'y+)\5+75)W27(O¢)\7+oc)\6+cx'y(5+)\'y5)W1+(a)\'y(5)WU,
p3 = Wi—(a+B+5+MNWi+(aB+ aX+ A+ ad+ B5+ A)Wy—(aBA + afd + add + AW +(aBAS) W,
py = Wi—(a+B+7+MNWi+(af+ ar+ay+ A+ By + A)Wo—(aBX + afy + ady + BAY)W  +(afAy) W,
ps = Wi—(a+B8+7+8)Wit(aB+ ay+ ad+ By + B8 +v8)Wo—(afy + aBd + ayd + By8) W +(afy8)W,.

Usually, it is customary to choose r, s, t,u,v so that the Equ. (1.2) has at least one real (say «)
solutions.

(1.3) can be written in the following form:

Wn = A1a"™ + A2B™ + Asy"™ + Asgd™ + As\"
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where

_ p1
S )P o P V&

Ay = P2
B=a)B=7)(B=0)(B-N)’
A3 = ps )
(y=a)(y=B)(v =)y =)

Ay = P
(6 =a)(6=B)6 =)0 =N)’

As = Ps

A—a)A=B)A=7)(A=0d)

Next, we give the ordinary generating function >~ W,z" of the sequence W,,.

n=0

Lemma 1.2. [4, Lemma 2.] Suppose that fw, (z) = i Wra™ is the ordinary generating function of

n=0
oo
the generalized (r, s, t, u,v) sequence {Wy}n>0. Then, > W,a" is given by
n=0
i W n_Wot(W,—rWo)z + (WQ—TWI—sWD)z%,-(Ws—rWz—sW1—two)z3+(w4—rwg—sw2—twl—uWO)z4_
" 1—rz— sz2 — tx3 — uxd — vad

(1.4)

We next find Binet formula of generalized (r, s, t, u,v) numbers {W,} by the use of generating
function for W,,.

Theorem 1.3. [4, Theorem 3.] (Binet’s formula of generalized (r, s, t, u,v) numbers)

n n
W, = q1 0 . q28 (15)
(a = B)a—)(a=08)(a=X) (B—a)(B—7)(B~-8(B~2)
n a3" n qa8™ + g5 A"
(=) =B (v =) (v =) (E-a) =B -G =X A—-a)A=B)A-7(=19)
where

a1 = Woal+ (W, —rWo)a  +(Wy—rWi—sWo)a?+(Ws—rWo—sWi —tWo)a + (W, —rWg—sWo—tWi —vW),
a2 = WoB (W, —rWo)BP+(Wy—r W1 —sW)BZ+(W5—rWo—sW1—tWg)B + (W, —rW3—sWo—tW1—vWo),
a3 = Wor '+ (W, —rWo)V+(Wy—rW i —sWo)y 24 (Wa—rWa—sW 1 —tWo)y + (W4 —rW—sWo—tW; —vW),
a1 = WSt (W, —rWo)§ 4+ (Wy—rW 1 —sW ()82 +(W3—rWo—sW1 —tW()s + (W, —rW3—s3Wo—tW 1 —vW),
a5 = Wor (W, —rW)A 4+ (Wy—rW —sW)AZ (W3 —rWo—sW 1 —tWo)XA + (W, —rWg—sWo—tW; —oW).

Matrix formulation of W,, can be given as

Wita r s t u v \" Wy
Wits 1 0 0 0 O Wi
Wito = 01 0 0 O Wo (1.6)
W41 0 0 1 0 O Wi
Whn 0 0 0 1 o0 Wo

For matrix formulation (1.6), see [6]. In fact, Kalman give the formula in the following form

n

Whn 01 0 0 O Wo
Wit 01 0 O Wh
Wit2 = 00 0 1 0 Wo
Wiis 000 0 1 Ws
Wita r s t u v Wy

10
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Next, we consider two special cases of the generalized (r, s, t,u,v) sequence {W,} which we call
them (r,s,t,u,v) and Lucas (r,s,t,u,v) sequences. (r,s,t, u,v) sequence{G,}.>o and Lucas
(r,s,t,u,v) sequence {H, },>0 are defined, respectively, by the fifth-order recurrence relations

Gnys = 71rGpya+ 8Gpys +1tGpi2 + uGnt1 +vGy, (1.7)
Go = 0,Gi=1,Go=r,Gs=1>45,Gs =1+ 2sr +1¢,

H,ys = rHpta+sHpts+tHpyo +uHpy1 +vH,, (1.8)
Hy = 5,H1:r,Hz:25+r2,H3:r3+35r+3t,H4:r4+4r25+4tr+252+4u.

The sequences {G }»>0 and {H, }»>0 can be extended to negative subscripts by defining

u t s r 1
G*'r = ——G_ n—1) — -G_ n—2) — -G n—3) — ~-G_ n— ~-G_ n—>5)
g -1 = SO —(n-2) = ZO-(n-3) = SG—(n-g) + S —(ns)
u t
H ., = _7H—(n—1) - 7H—(n—2) - 7H—(n—3) - 7H—(n—4) + 7H—(n—5)7

forn = 1,2, 3, ... respectively. Therefore, recurrences (1.7) and (1.8) hold for all integers n.
For more details on the generalized (r, s, ¢, u, v) numbers, see Soykan [4].
Some special cases of (r, s, t,u,v) sequence {G,(0,1,r,72 4+ s,r> + 2sr +t;r,s,t,u,v)} and Lucas

T, s, t,u,v) sequence {H,(4,r,2s 4+ 12,13 + 3sr + 3t, r* + 4r?s + dtr + 25> + du; r, s, t,u,v)} are as
follows:

1. Gn(0,1,1,2,4;1,1,1,1,1) = P,, Pentanacci sequence,

2. H,(5,1,3,7,15;1,1,1,1,1) = Qn, Pentanacci-Lucas sequence,

3. G»(0,1,2,5,13;2,1,1,1,1) = P,, fifth-order Pell sequence,

4. H,(5,2,6,17,46;2,1,1,1,1) = Qn, fifth-order Pell-Lucas sequence,

For all integers n, (r, s, t,u,v) and Lucas (r, s, ¢, u, v) numbers (using initial conditions in (1.3) or (1.5))
can be expressed using Binet’s formulas as

n+3 n+3 n+3
Gn = a + ° + 7
(a=B)a=y)(a=8)(a=A) B-a)(B=7B=-8B-X) (G- -=B0(-38C-2XN
6n+3 >\n+3
+ + ,
(6—-a)(6 =B -7 =2 A-—a)A=BA -7 -9
H, = o" 48" +4"+8"+2",
respectively.

Lemma 1.2 gives the following results as particular examples (generating functions of (r, s, t, u, v),
Lucas (r, s, t, u,v) and modified (r, s, t, u, v) numbers).

Corollary 1.4. Generating functions of (r,s,t,u,v), Lucas (r,s,t,u,v) and modified (r,s,t,u,v)
numbers are

oo
x

E Gnx" = .

. 1—rz — sx2 —tx3 —uxt — vad’
—

[e o)
ZH n 5 —drz — 3sa? — 2ta® — ua?
nZ =

. 1—rz—sx? —tx3 —uxt —vxd’
o

respectively.

11
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The following theorem shows that the generalized Pentanacci sequence W,, at negative indices can
be expressed by the sequence itself at positive indices.

Theorem 1.5. [5, Theorem 1.] For n € Z, for the generalized Pentanacci sequence (or generalized
(r, s, t,u,v)-sequence or 5-step Fibonacci sequence) we have the following:we have

W_pn = 350 "(WoH, — AW, H3 + 3WoHs,, + 12H2 Way, — 6Wo H; Han — 6Wo Han — 8Wy Hs,, —
12H2,Wo,, — 24H, W3,, + 24W4,, + 8WoH,,H3, + 12WanH2n)

= U_n(W4n - HnWSn + %(H?L - H2n)W2n - é(Hﬁ + 2H3n - 3H2an)Wn + i(Hi + 3H22n -
6H?2 Hay — 6Han + 8Han Hy, ) Wo).

Using Theorem 1.5, we have the following corollary, see Soykan [5, Corollary 4].

Corollary 1.6. Forn € Z, we have

Hon = Lo ™(H + 3H2, — GH2 Hap — 6Han + 8Han Hy).

24
Note that G_,, and H_,, can be given as follows by using Go = 0 and Hy, = 5 in Theorem 1.5:
_n 1 1
Gon = v "(Gan = HnGon + 5 (Hy — Hzn)Gon — o (Hy) + 2Hsn — 3Hon Hy)Gr),
1 _
H_, = —v "(Hn+3H3, —6H;Hs, — 6Hay + 8Hsn Hy),

24
respectively.

Next, we consider the case r = 2, s = 1,¢ = 1,u = 1,v = 1 and in this case we write V,, = W,,.
A generalized fifth order Pell sequence {V,, }»>0 = {Va(Vo, V1, V2, V3, V4) } >0 is defined by the fifth-

order recurrence relations
Vi =2Vhoo1+ Voo + Vacsz + Vaoa + Vis (1.9)

with the initial values Vy = co, Vi = ¢1, Va = ¢a, Va3 = ¢3, Va = ¢4 not all being zero.

The sequence {V,, },.>0 can be extended to negative subscripts by defining

Ve = =V_otnet)y = Vo) = Vemesz) = 2V_(n_ay + V_o(nos)
for n = 1,2,3,.... Therefore, recurrence (1.9) holds for all integer n. For more information on the
generalized fifth order Pell numbers, see Soykan [7].

The first few generalized fifth order Pell numbers with positive subscript and negative subscript are
given in the following Table 1.

Table 1. A few generalized fifth order Pell numbers

Vi V_n

Vo Vo

\%1 —Vo-Vi—-Vo—-2xV34+Vy
Va —Vi+3Vs -V

V3 V343V — V1

Vi —Vo+3V1 — V)

Va+Va+Va+- V1 + Wy
5Vy +3V3 + 3Ve + 31 + 2V

—Vi+2V3 4+ Vo +4Wy
4Vy — 9V3 — 2Vo — 3V — 4V,

S 00Uk W= O3

13V4 + 8V +8V2 + 7Vi + 51)
34Vy 4+ 21V3 4+ 20V2 4 18V1 4 13V,
89V, + 54V3 + 52V, 4+ 47V + 34V,

232V, + 141V3 4 136V2 4 123V1 + 89V)

—4Vy +12V3 — 5V + 2V 4+ V)
Va—6Vs+11Va —6V1 + V)
Via—Vs—=TVa+10V1 — 7V)
—TVy 4+ 15V3 +6V2 4+ 17Vp

12
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(1.3) can be used to obtain Binet’s formula of generalized fifth order Pell numbers. Generalized fifth
order Pell numbers can be expressed, for all integers n, using Binet’s formula

v pra” n p2" n p3y"
(a=B)a=7)(a=08(a=A) B-a)B-=7)B-0B-A) (y—a)y=B)(y—0(—A)
+ p46n + ps)\n
(=) =B)6=70—A) A—a)A=B)A=7)(A=2d)’
where
P11 = Va—(B+v+5+XNVaz+(BA+BY+ Ay + B+ A +78)Vo—(BAY + BAS + ByS + Ay8) V1 +(BAv6)V,
Po = Vi—(a+v+ 5+ N Va+(@d+ayv+ad + A7+ X6 +76)Vy—(ady + aXd + avd + A6V +(arvyd) Vg,
p3 = V47(a+['1+5+)\)V3+(aﬂ+a)\+B)\+a(S+B6+)\5)V27(aﬂ>\+aﬁ5+a)\6+[3)\5)vl+(aﬁ)\6)V0,
pa = Va—(a+B+v+NVi+(aB+ar+ay+ A+ By + A)Vy—(aBX + aBy + ary + BAY)V  +(aBAy)V,
ps = Vi—(a+B+v+8)Vi+(af+ay+ad+ By+ B+ v5)Vy—(aBy + aBd + avd + v8)V+(afyd) V.

Here, «, 8,7, and X are the roots of the equation
=2t - - —r—1=0. (1.10)

Moreover, the approximate value of «, 8,+,§ and \ are given by

a = 2.6083299

B = 0.28269438 — 0.794 694214
v = 0.28269438 4+ 0.794 694213

0 = —0.58685934 —0.440991621
A = —0.58685934 4 0.44099162:

Note that we have the following identities:

a+B+y+5+A = 2
af+ar+ay+BA+ad+By+ My +B5+ A +v0 = —1,

afA+ afy+ ary+afd + add + Ay +ayd + A+ By + Ayd = 1,
affAy + afAd +afyd +aryd + fAyd = —1

afyox = 1.

Now we consider two special case of the sequence {V,, }. Fifth-order Pell sequence { P, }. >0 and fifth-
order Pell-Lucas sequence {Qn }.>0 are defined, respectively, by the fifth-order recurrence relations

Pois =2Ppia+Pois+ Poio+Po1+Po, Py=0P=1,P=2P;=5P =13 (1.11)
and
Qnts =2Qn+a+ Qnis+ Qniz+Qni1+Qny Qo =4,Q1 =2,Q2=06,Q3 =17,Q4 = 46. (1.12)
The sequences { P, }.>0 and {Q, }.>0 can be extended to negative subscripts by defining

P, = —P_ (n1)—P_(n_2)—=P_(n_3)—2P_(n_4) + P_(n_5),
Q-n = —Q_tn-1)—Q_(n-2) — Q_(n=3) = 2Q_(n—1) + Q_(n_s),

forn = 1,2, 3, ... respectively. Therefore, recurrences (1.11) and (1.12) hold for all integer n.

Next, we present the first few values of the fifth order Pell and fifth order Pell-Lucas numbers with
positive and negative subscripts in the following Table 2:

13
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Table 2. A few fifth order Pell and fifth order Pell-Lucas Numbers

n 0 1 2 3 4 5 6 7 8 9 10 11 12
P, 0 1 2 5 13 34 89 232 605 1578 4116 10736 28003
P, 0 O 0 0 1 -1 0 0 -1 4 —4 1 1
Q. 5 2 6 17 46 122 315 821 2142 5588 14576 38018 99163
Q-n 5 -1 -1 -1 -5 14 -7 -1 3 —28 54 —34 1

For all integers n, usual fifth order Pell and fifth order Pell-Lucas numbers can be expressed using
Binet’s formulas

an+3 Bn+3
P, = +
(a=B)a—Mla—)a—-A)  (B-a)B-71E-8(B -
,Y1L+S 67L+3 An+3

* (v=a)(v =B (v =) (v—N) * (6 =a)(6—=B)( —7)( =) * A=a)A=B)A =7 —9)
and
n=a + " 4"+ 5"+ A"
respectively, see [7, Corollary 3.2.].
Next, we give the ordinary generating function > V,,z" of the sequence V,,.
n=0
Lemma 1.7. [7, Lemma 2.1.]Suppose that fv, (z) = Y V,a" is the ordinary generating function of
n=0
the generalized fifth-order Pell sequence {V,.}..>0. Then, > V,z" is given by
n=0

Vo4 (Vi — 2V + (Vo — 2Vi — Vp)a® + (Vs — 2V — Vi — V)a® + (V4 — 2V — Vo — Vi — Vp)a*

oo
Vna" = 113
Tgon (1 -2z — a2 — 23 — 2% — 2b) (.13)

The previous Lemma gives the following results as particular examples: generating function of the
fifth order Pell sequence P, is

x

1-2z—2%2—2%—a*—2b

fro(2) =) Pua" =
n=0

and generating function of the fifth order Pell-Lucas sequence Q., is

1—22 — 22 — 3 — g4 — 5’

> n 5 — 8¢ — 322 — 22% — z*
fau(@) = Qua" =
n=0

see [7, Corollary 2.2.].

2 BINOMIAL TRANSFORM OF THE GENERALIZED FIFTH
ORDER PELL SEQUENCE V,,

In [8, p. 137], Knuth introduced the idea of the binomial transform. Given a sequence of numbers
(an), its binomial transform (a,,) may be defined by the rule

~ n
a " ith i i n il
an=>_ (i)a“ with inversion a,, = E , <Z> (—1)" 4,

1=0 =
or, in the symmetric version

=3 (?) (—=1)"*a;, with inversion a, = > <7Z> (—1)"a,.

=0 =0

14
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For more information on binomial transform, see, for example, [9,10,11,12] and references therein.
For recent works on binomial transform of well-known sequences, see for example, [13,14,15,16,17,
18,19,20,21,22,23,24,25].

In this section, we define the binomial transform of the generalized fifth order Pell sequence V,, and
as special cases the binomial transform of the fifth order Pell and fifth order Pell-Lucas sequences
will be introduced.

Definition 2.1. The binomial transform of the generalized fifth order Pell sequence V,, is defined by
-~ " n
=V, = ; <Z> Vi

The few terms of b,, are

° (o
e N
1210
W= Y

Vi=WVo+2V1 + Vo,
Vi="Vo + 3V1 + 3V + V3,

3
by = >

by =

()

2<D%:v+w
- £()

()

x(

>V Vo +4Vi + 6Va +4Vs + V.

bo 1 0 0 0 0 --- Vo
b1 110 0 0 --- Vi
ba 1 2 1 0 0 Va
b3 = 1 3 3 1 0 V3
ba 1 4 6 4 1 Va

As special cases of b, = V,,, the binomial transforms of the fifth order Pell and fifth order Pell-Lucas
sequences are defined as follows: The binomial transform of the fifth order Pell sequence P, is

-~ n n
P, = Z:% <Z> P,
and the binomial transform of the fifth order Pell-Lucas sequence Q,, is
@5 (1)e
1=0

Lemma 2.1. Forn > 0, the binomial transform of the generalized fifth order Pell sequence V,, satisfies

the following relation:
b1 = Z (?) (Vi + Viga).

15
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Proof. We use the following well-known identity:

(7)=0)-)
(3 6)rmlot)

b1 = V0+2

Note also that

Then

This completes the proof. O
Remark 2.1. From the last Lemma, we see that

bnt+1 = bn + Z <7;> Vitr.
i=0

The following theorem gives recurrent relations of the binomial transform of the generalized fifth
order Pell sequence.The following theorem gives recurrent relations of the binomial transform of the
generalized fifth order Pell sequence.

Theorem 2.2. Forn > 0, the binomial transform of the generalized fifth order Pell sequence V,,
satisfies the following recurrence relation:

bn+5 = 7bn+4 — 17bn+3 + 20bn+2 — 11bn+1 + 3by,. (21)
Proof. To show (2.1), writing
bnts =71 X bpga + 81 X bpgs + 11 X b2 + Ut X bpg1 +v1 X by

and taking the values n = 0, 1, 2, 3, 4 and then solving the system of equations

bs = 7r1Xbs+s1 Xbz+1t1 Xba+ur X b1 +v1 X by
be = 11 Xbs+s1 Xbs+1t1 Xb3+u Xb2+v1 Xb
br = riXbs+s1 Xbs+1t1 Xbs+ur X bz+ v X b2
bs = riXbyr+81 Xbg+t1 Xbs+ur Xbs+ vy X b3
by = 7rixXbg+81 Xbr+1t1 Xbg+ur Xbs+ v X bs

we find that ry = 7,81 = —17,t1 = 20,u1 = —11,1}1 =3.0

16
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The sequence {b,}.>0 can be extended to negative subscripts by defining

11
3

20 17 7 1
b_(n-1) — ?bf(n72) + §b7<n73) - gbf(nfél) + gbf(n75)

b_p =
forn =1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.

Note that the recurence relation (2.1) is independent from initial values. So,

ﬁn+5 = 7ﬁn+4 - 17ﬁn+3 + QOﬁn+2 - 11ﬁn+1 =+ 3ﬁn,
Qnis = TQnia—17Qnis +20Qn12 — 11Qn11 + 3Qn.

The first few terms of the binomial transform of the generalized fifth order Pell sequence with positive
subscript and negative subscript are given in the following Table 3.

Table 3. A few binomial transform (terms) of the generalized fifth order Pell sequence

n by b_n

0 Vo Vo

1 Vo+ Wi 3 (2Vo — 3Vi +2Va — 3Va + Vi)

2 Vo +2Vi+ Va — 2 (5Vo + 15V4 — 10V + 30Vs — 11V4)

3 Vo+3V1i+3Va+ Vs —57 (T6Vo + 30V4 + Va2 + 150V5 — 61V4)

4 Vo +4Vi +6Va +4Vs + Vi — o5 (392V — 138V3 + 305V; + 309Vs — 164V;)

5 2Vo + 6V1 + 11Va + 11V5 4+ 7V, — 1o (814Vh — 1590V4 + 2143V, — 1578V + 362V4)

6 9Vo+ 15V4 + 24Vs + 29V3 + 32V =15 (4045Vp + 7212V4 — T154V; + 18 375V5 — 6487V4)
7 41Vo + 56V + T1Vh + 85V5 + 125Vh o (47318Vo + 95014 + 4220V, + 86088V — 35183V4)

The first few terms of the binomial transform numbers of the fifth order Pell and fifth order Pell-Lucas
sequences with positive subscript and negative subscript are given in the following Table 4.

Table 4. A few binomial transform (terms)

n 0 1 2 3 4 5 6 7 8 9 10 11
Pp, 0 1 4 14 49 174 624 2248 8111 29274 105649 381249
P _1 _2 11 115 488 448 __ 8998 _ 72038 _ 266911 _ 35579 6338387
—n 3 9 27 81 243 729 2187 6561 19683 59049 177147
Qn 5 7 15 46 163 597 2184 7938 28723 103717 374255 1350290
15) 11 1 _ 190 _ 1223 _ 3574 5698 125990 712945 1731212 _ 5823314 _ 82199161
—n 3 9 27 1 243 729 2187 6561 19683 59049 177147

(1.3) can be used to obtain Binet’s formula of the binomial transform of generalized fifth order Pell
numbers. Binet's formula of the binomial transform of generalized fifth order Pell numbers can be
given as

C1 07 CL0y
P (0= 02)(61 — 05) (01 — 0) (61— 0s) T (83— 01)(0 — 05) (0 — 6a) (6 —05)  °P)
+(93 —01)(03 — 02)(03 — 04)(05 — 05) * (04 — 01)(0a — 02)(04 — 03)(04 — 05)

Cs07
05 — 01)(05 — 02)(05 — 03)(05 — 0a)

M
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where

Ci = ba—(02+ 03+ 04 + 05)by+(0205 + 0205 + 0503 + 0204 + 0504 + 0304)b,
— (020503 + 020504 + 020304 + 050304)b, +(02050504)b,,

Cy = ba—(01 463404+ 05)b;4(6105 + 0105 + 0104 + 0563 4 0504 + 0304)0,
— (016503 + 010504 + 6010364 + 959394)51 +(91959394)bo,

C3 = ba—(01 4024 044 05)b;4+ (0102 4 0105 + 0205 4 0104 + 0204 + 05604)b,
— (010205 4 010204 + 010504 + 020504)b, +(01020504)b,,

Cy = ba—(01+ 024 03 + 05)by (0102 + 0105 + 0103 4 0205 + 0203 + 0503)b,
— (010205 4 010203 + 010505 + 020503)b, +(01020503)b,,

Cs = ba—(01+ 024 03+ 04)by+(0102 + 0105 + 0104 + 0203 + 0204 + 0304)b,

— (010203 + 6010204 + 010504 + 929394)b1 +(91929394)b0-
Here, 01, 62,03, 04 and 05 are the roots of the equation
o — 7zt +172° — 2022 + 11z — 3 =0.

Moreover, the approximate value of 61, 0, 65,04 and 05 are given by

01 = 3.60832992251682
02 = 1.28269437867436 + 0.7946942056957841
03 = 1.28269437867436 — 0.7946942056957841
0, = 0.413140660067231 + 0.440991619401373:
05 = 0.413140660067231 — 0.440991619401373:
Note that
01 +02+05+0:s+605 = 7
0102 + 0105 + 01603 + 0205 + 0104 + 0203 + 0503 + 0204 + 0504 + 0304 = 17
010205 + 016203 + 010503 + 010204 + 010504 + 020503 + 010304 + 020504 + 020304 + 050304 = 20
01020503 + 01620504 + 01020304 + 01050304 + 02050360, = 11
0102030405 = 3

For all integers n, (Binet’s formulas of) binomial transforms of fifth order Pell and fifth order Pell-Lucas
numbers (using initial conditions in (2.2)) can be expressed using Binet’s formulas as

po_ (61 —1)°07 N (62 — 1)%03
" (01— 02)(0r — 03)(01 — 02)(0 —05) | (02 — 021)(02 — 03)(62 — 02)(02 — 65)
(05 — 1)36%L (04 — 1)392
05— 01)(65 — 02)(65 — 02)(6s — 05) (2 — 62)(0s — 02)(64 — 63) (0 — 65)
(05 — 1)%67
05 —01)(05 — 62)(05 — 03)(65 — 0a)

and
Qn =07 +05 + 035 + 05 + 05,

respectively.
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3 GENERATING FUNCTIONS AND OBTAINING BINET
FORMULA OF BINOMIAL TRANSFORM FROM GENERA-
TING FUNCTION

The generating function of the binomial transform of the generalized fifth order Pell sequence V,, is a
power series centered at the origin whose coefficients are the binomial transform of the generalized
fifth order Pell sequence.

Next, we give the ordinary generating function f,, (z) = > b, of the sequence b,,.
n=0

Lemma 3.1. Suppose that fi,,(x) = Y. b,z is the ordinary generating function of the binomial
n=0

transform of the generalized fifth order PZ/I sequence {V,,}n>0. Then, f. (x) is given by

Vo + (Vi — 6Vo)z + (11Vy — 5V4 + Va)a? + (6V4 — 9V — 4Vy + Vi)a® + (2Vp — 3Vy + 2Vp — 3V5 + Vi)t

fo,, () = - =
b (%) 1— 7a + 1722 — 2023 + 11z — 325

(3.1)
Proof. Using Lemma 1.2, we obtain

bo 4+ (b1 — Tbo)x + (by — rby — sbg)x? + (b — Tby — sby — tbg)x® + (bg — Tby — sby — tby — ubg)x?

fbn(x) 1—7rz — sz2 — te3 — uzd — vz
Vo4 (Vi —6Vo)z+ (11Vp —5V1 + Vo)z? 4+ (6V] — 9V — 4V + Va)z® + (2Vy — 3Vy + 2V, — 3Vs + Vy)z?
B 1 — 7z + 1722 — 2023 + 114 — 325
where
bO - ‘/07
by = Vo+ W,
b = Vo+2Vi+ Vo,
bs = Vo +3Vi+3Va+ Vs,
by = Vo+4Vi+6Vo+4Vz 4V,
O
Note that P. Barry shows in [26] that if A(x) is the generating function of the sequence {a.}, then
1 T
= A
S(@) = —A(T—)

is the generating function of the sequence {b,} with b, = > ("})a.. In our case, since

i=0
Al) Vo4 (Vi —2Vp)a + (Vo — 2V; — Vg)a? 4+ (Vg — 2V — Vi — Vi)a® + (Vg — 2Va — Vo — Vp — Vp)az?
(1 -2z — 22 — 23 — 2% — 5) !
see Lemma 1.7,
we obtain
S@) = ——aA(—)
v - 11—z 1—x

Vo + (Vi — 6Vp)x + (11Vy — 5V; + Va)z? 4+ (6Vy — 9V — 4Vi + Va)z® + (2Vp — 3Vy + 2V — 3V3 + Vy)z?
1— 7z + 1722 — 2023 + 1124 — 325 '

The previous lemma gives the following results as particular examples.
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Corollary 3.2. Generating functions of the binomial transform of the fifth order Pell, fifth order Pell-
Lucas numbers are

iAl’n = x— 32" +32° — 2!
n=0 ! T 1 =Tz 4+ 1722 — 2023 + 11zt — 325’
i@ " 5 — 28z + 512° — 40z° + 112*

l‘ - b
n=0 ! 1—7x+ 1722 — 2023 + 1124 — 325

respectively.

4 SIMSON FORMULAS

There is a well-known Simson Identity (formula) for Fibonacci sequence {F,, }, namely,
Foi1Fyy — F2 = (=1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well.
This can be written in the form

Fn+1 Fn

’ Fn  Foa

The following theorem gives generalization of this result to the generalized Pentanacci sequence
{W,.}.

Theorem 4.1 (Simson Formula of Generalized Pentanacci Numbers). [27, Theorem 3.1] For all
integers n, we have

Wits Wiois Wiope Wapn o Wi Wo Wi W Wi Wo
Waes Wigz Wagr Wa  Waly Ws Wo Wi W, W_,
Wn+2 Wn+1 Wn Wn_l Wn_z = 1}" WQ W1 Wo W_1 W_2 . (41)
Wher  Wn Wit Wi_o Wy_3 Wiy Wo W_o1 W_o W_3
W Who1 Wp_o Wiz Wy_y Wo W_1 W_o W_3 W_4

Taking {W,} = {b,} in the above theorem and considering bnys = Tbnisa — 17bny3 + 20bp42 —
11by41 + 3byp, r =7, = —17,t = 20,u = —11,v = 3, we have the following proposition.

Proposition 4.1. For all integers n, Simson formula of binomial transforms of generalized fifth order
Pell numbers is given as

brnta bntsz bpi2 bnpa bn bs b3 b b1 bo
bn+3 bn+2 bn+1 b'n bnf 1 b3 b2 bl bO b* 1
bn,+2 bn+1 bn bn—l bn_Q = 3n bQ bl bo b_1 b_Q
brn+1 bn  bp—1 bn—2 bn—3 b1 by b-1 b2 b_3
bn bnfl b'nf? bn73 bn74 bO b*l b72 673 b74

The previous proposition gives the following results as particular examples.

Corollary 4.2. For all integers n, Simson formula of binomial transforms of the fifth order Pell and
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fifth order Pell-Lucas numbers are given as

Prs Pus Pun P P
Pnoys Ppyo Pnia P, P,

Puys Poyi Py Pooy Puo | = 377

Puyr Po Pua Pos Pas

P, Po1 Pio Pos P

Qn+4 Q\n+3 Q\n+2 Qﬁ+1 AQn

Q\n+3 Qn+2 QQJrl AQn anl

Quiz Quit Qu Quoa Quoo | = 31409x3"7%
Quit Qn Qur Quz Quos

Qn Qn—l Qn—Q Qn—S Qn—4

respectively.

5 SOME IDENTITIES

In this section, we obtain some identities of binomial transforms of generalized fifth order Pell, fifth
order Pell and fifth order Pell-Lucas numbers. First, we present a few basic relations between {b,}

and {P,}.

Lemma 5.1. The following equalities are true:

-~

(a) 9b, = (29b9 — 254b; + 320b2 — 160bs + 25b4)Pry6 — (128bg — 1532by + 1994b; — 1015b3 +
160b4) Pry5 + (13bg — 2686b1 + 3772b2 — 1994b3 + 320b4) Prya + (380bo + 1573b1 — 2686b2 +

1532b3 — 254b4) P15 — (443by — 380b1 — 13by 4 128b3 — 29b4) Py, yo.

~

(b) 3b, = (25b0 — 82b1 + 82bs — 35b3 + 5b4)Pn+5 — (160b0 — 544b1 + 556bo — 242b3 + 35b4)Pn+4 +

~ ~

(320b0 —1169b1 +1238b2 — 556b3 + 82b4)Pn+3 — (254b0 —1058b1 +1169b5 — 544b3 +82b4)Pn+2 +

~

(29b0 — 254b1 + 320b> — 160b3 + 25b4)Pn+1.

(C) b, = (5b0 —10b1 +6bs — b3)Pn+4 — (35b0 —75b1 + 52bs — 13b3 —I—b4)Pn+3 =+ (82b0 —194b1 +157bs —
52b3 +664)Pn+2 — (82b0 —216b1+194b5 —75b3+ 10b4)Pn+1 + (25()0 —82b1+82bs —35b3 + 5b4)Pn .

~ ~

(d) b, = (5b1 — 10bs + 6b3 — b4)Pn+3 — (3b0 + 24by — 55bs + 35b3 — 6b4)Pn+2 =+ (18bo + 16by — 74bs +
55b3 — 10b4)Pn+1 =+ (—30b0 + 28b1 + 16by — 24bs + 5b4)Pn + 3(5b0 — 1061 + 6bs — b3)Pn_1.

~ ~

(9) b, = —(3b0 —11b1 +15b2 —7bs3 +b4)Pn+2 + (18b0 —69b1 +96bs —47b3 +7b4)Pn+1 — (30b0 —128b1 +
184b5 —96b3 +15b4)Pn + (15b0 —85b1 +128b2 —69bg+11b4)Pn71 +3(5b1 —10b2 +6b3 —b4)Pn72.

~

Proof. Writing R R N R N
bn :aXPn+6+b><Pn+5—|—c><Pn+4+d><Pn+3+6><Pn+2

and solving the system of equations

bo = axPs+bxPs+cxPi+dxPs+ex P
b = a><137+b><136+c><ﬁ5+d><134+e><ﬁ3
by = axPs+bxPr+texPs+dxDPs+exPy
by = a><]39+b><ﬁ8+c><}37+d><ﬁ6+e><135
by = axPo+bxDPot+exPs+dxPr+exbs

we find that 9a = (29b9 — 254b1 + 32002 — 160b3 + 25b4), 9b = —(128bo — 1532b1 + 1994b, — 1015b3 +
160b4),9¢ = (13bg — 2686by + 3772b2 — 1994bs + 320b4), 9d = (380bo + 1573b1 — 2686b2 + 1532b3 —
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254b4), 9e = —(443b0 — 380b1 — 13bo + 128b3 — 291)4)4
The other equalities can be proved similarly. O

Now, we give a few basic relations between {b,.} and {Q}.

Lemma 5.2. The following equalities are true:

(a) 40383b, = —(32348by — 150599b; +168251by — 79423b3 + 1210364)@n+6 +(190127bo —953408b; +
1086296b2 — 518461b3 + 79423b4)@n+5 — (311647by — 1876657b1 + 2225215b, — 1086296b3 +
168251b4)@n+4+ (142207bo —1472866b1 +1876657b2 —953408b3 + 150599b4)@n+3 +(95969bo +
142207b1 — 311647b2 + 190127b3 — 32348b4)@n+2.

(b) 134616, = —(12103bo — 33595b1 + 30487bs — 125003 + 1766b4)Qrss + (79423by — 227842b; +
211684b2 —87965b3+1250064) D4 — (168251bo—513038b1 +496121b2 —211684b5+30487b4) Qs 5+
(150599b0 —504794b; +513038b2 — 22784265 +33595b4) O 12— (32348bo — 150599, + 1682510, —
79423b3 + 12103b4)Qrs1.

(c) 4487b, = —(1766bg —2441b, +575b2 +155b3 — 46b4)@n+4 +(12500b0 —19359b1 + 7386b2 —272b3 —
155b4)Qn+3 — (30487bo — 5570201 + 32234by — 7386b3 + 575b4)Qn+2 + (33595bo — 72982b;1 +
55702b2 — 19359b3 + 2441b4)Qn+1 — (12103bg — 33595b1 + 30487b2 — 1250003 + 1766b4)Qn -

(d) 44870, = (13860 — 2272b1 + 3361by — 1357bs + 167b4)@n+3 — (465b0 — 14205b1 4+ 22459b5 —
10021563 + 1357b4)Qn+2 — (1725b0 + 24 162by — 44 202b2 + 22 459b3 — 3361b4)Qn+1 + (7323()0 +
6744b, — 24 162b2 + 14 205b3 — 2272b4)Qn — 3(1766b0 — 2441by + 575bs + 155b3 — 46[)4)@”71.

(€) 4487b,, = (501bo—1699b; + 1068bs +522bs — 188b4)Qr 42 — (4071bo — 14 462b1 + 12 935b; — 610bs —
522b4)Qn 11 + (10083bo — 38 696b; + 43 058bs — 12 935b3 + 1068b4) Q1 — (6816bo — 32 315by +
38 696by — 14 462bs + 1699b4)Qrn—1 + 3(138bo — 2272b; + 3361bs — 1357bs + 167b4)Qpo.

Next, we present a few basic relations between {Q,,} and { P, }.

Lemma 5.3. The following equalities are true:

40383P, = —3530Qn+6 + 25049Qn+5 — 60358Qn 14 + 65401Qn+3 — 27655Qn+2,
13461P, = 113Qni5 — 116Qn1a — 1733Qn13 + 3725Qn12 — 3530Qn11,
4487P, = 225Qu+ia — 1218Qn+3 + 1995Qn+2 — 1591Qn+1 + 113Qn,
448TP, = 357Qn13 — 1830Qn12 + 2909Q, 11 — 2362Qn + 675Q, 1,
4487P, = 669Qn12 — 3160Qn+1 + 4T78Qn — 3252Qn_1 + 1071Qn_2,
and
90, = —118P, 6+ 784P, 5 —1721P, 4 + 1691P, 13 — 521D, o,
3Q, = —14P, 5+ 95P, 4 —223P, 3+ 259,45 — 118,41,
Qn = —Pois+5Puys—TPuys+12P, 1 — 14D,
Qn = —2P.y3+10P,42 —8P,11 — 3P, —3P,_1,
Qn = —A4Pyis+ 26Dy — 43P, +19P,_1 — 6Dy_s.
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6 ON THE RECURRENCE PROPERTIES OF BINOMIAL
TRANSFORM OF THE GENERALIZED FIFTH ORDER
PELL SEQUENCE

Taking 1 = 7,81 = —17,t1 = 20,u1 = —11,v; = 3 and H,, = @n in Theorem 1.5, we obtain the
following Proposition.

Proposition 6.1. Forn € Z, binomial Transform of the generalized fifth order Pell sequence have the
following identity:

bop = L3 (b0Q% — 46, Q% + 3b0Q3,, + 12Q2bar — 660 Q2 Qan — 6b0Qan — 86, Qsn — 12Q2nban —
24Q b3 + 24ban + 860Qn Qs + 126, Qn Q)

=3 (b‘ln - @nb?m + %(@i - QQTL)bQ"L - %(Q\i + 2@3n - 3©2nén)bn + 714 (@i + 3@%71 - 6@%@2n -
6@471 + 8@\371@71)()0)'

Using Proposition 6.1 (and Corollary 1.6), we obtain the following corollary which gives the connection
between the special cases of binomial transform of generalized fifth order Pell sequence at the
positive index and the negative index: for binomial transform of fifth order Pell, fifth order Pell-Lucas
numbers: take b, = P, with B = 0, P = 1, P, = 4, Py = 14, P, = 49, take b, = Qn with
Qo =5, Q1 =7, Q2 = 15, Q3 = 46, Q4 = 163, respectlvely Note that in this case we have H,, = Qn
Note also that G, # p,.

Corollary 6.1. Forn € Z, we have the following recurrence relations:
(@) Recurrence relations of binomial transforms of fifth order Pell numbers (takeb,, = P, in Proposition
6.1):
~ S ~ ~ 1 ~ ~ o~ 1 ~ ~ ~ o~ o~
P—n =3 (P4n - QnPBn + 5(@31 - Q2n)P2n - E(Qi + 2Q3n - 3Q2nQn)Pn)~

(b) Recurrence relations of binomial transforms of fifth order Pell-Lucas numbers (take b, = Qn in
Proposition 6.1 or take H, = Q., in Corollary 1.6):

Q n = 54 (Qn + 3Q2n - GQnQ2n - 6Q4n + 8Q3nQn)

7 SUM FORMULAS

7.1 Sums of Terms with Positive Subscripts

The following proposition presents some formulas of binomial transform of generalized fifth order Pell
numbers with positive subscripts.

Proposition 7.1. Ifr = 7,s = —17,t = 20,u = —11,v = 3, then for n > 0 we have the following
formulas:
(@) 7 _obk = bnis — 6bnya + 11bpis — bz + 2bny1 — by + 6b3 — 11b2 + 9b1 — 2bo.

(b) Zk —0 bap = 19 (29b2n+2 — 173b2n+1 + 371boy, — 243b2y—1 + 90bop o — 29b4 + 173b3 — 312bs +
243b1 — 31b0)

(€) 7okt = 25 (30b2nt2 — 122b2n41 + 337b2y — 229b2,—1 + 8Tb2p—2 — 30bs + 181b3 — 337ba +
288by — 87hy).
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Proof. Take r = 7,s = —17,t = 20,u = —11,v = 3, in Theorem 2.1 in [28].

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of fifth order Pell numbers (take b,, = P with PO =0, Pl =1, Pg =4, P3 =14, P4 =49).
Corollary 7.1. Forn > 0 we have the following formulas:

(@) X7_oPi = Puis — 6Py + 11Pyi3 — 9Pnto + 2Pt

(b) 37 Pox = &5(29Pont2 — 173Pays1 + 371 Poy, — 243Po—1 + 902y — 4).

(€) X0 Porr1 = &5(30Pansa — 122Pons1 + 337P2p — 229Psn—1 + 87 Pon—2 + 4).

Taking b, = Qn with Qo = 5,01 = 7,Q> = 15,Qs = 46, Q4 = 163 in the last proposition, we have
the following corollary which presents sum formulas of binomial transform of fifth order Pell-Lucas
numbers.

Corollary 7.2. Forn > 0 we have the following formulas:

@ >, @k = @n+5 - 6@n+4 + 11@n+3 - 9@n+2 + 2@n+1 +1.

(b) S7_o Qor = &(29Q2n+2 — 173Q2n41 + 371Q20 — 243Q2n—1 + 90Q20—2 + 97).
(€) X7 o Qart1 = (30Q2n+2 — 122Q2n41 + 337Q2n — 229Q2n—1 + 87Q2n—2 — 38).

7.2 Sums of Terms with Negative Subscripts
The following proposition presents some formulas of binomial transform of generalized fifth order Pell
numbers with negative subscripts.

Proposition 7.2. Ifr = 7,s = —17,t = 20,u = —11,v = 3, then for n > 1 we have the following
formulas:

(a) ZZ 1 b_p = —b_n+4 + 6b_n+3 — 11b_n+2 + 9b_n+1 — 2b_p, + by — 6b3 + 11bs — 9b1 + 2b9.
(b) Zk 1 b_op = @( 306_ on+3 + 181b_ o2n42 — 337b_ on+1 + 288b_oy — 8Tb_on_1 + 29bs4 — 173b3 +
312bs — 243b1 + 31b0)

(c) ZZZI _2k41 = ( 29b_2n+43 + 173b_2p42 —312b_2p41 +243b_2, —90b_2,,—1 + 30bs — 181b3 +
337bs — 288b1 -l— 87b0)

Proof. Take r = 7,s = —17,t = 20,u = —11,v = 3, in Theorem 3.1 in [28].

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of fifth order Pell numbers (take b, = P, with Py =0, P, =1, P, =4, P; = 14, Py, = 49).

Corollary 7.3. Forn > 1, binomial transform of fifth order Pell numbers have the following properties.
(@ X7 Py=—Popia+6P iz —11P o+ 9P 41 — 2P,

(b) >, P oo = @( 3OP_2n+3 + 181P_2n+2 — 337P_2n+1 + 288D 5, — 87P_9n_1 + 4).

(c) Zk 1 P_2k+1 = ( 29P_ 2n+3 + 173P_ an42 — 312P_ on+1 + 243P_ 2n — 90P_ oan—1 —4).

Taking b, = Qn with QO = 5,Q1 =7, Qg = 15,Q3 = 46, Q4 = 163 in the last proposition, we have
the following corollary which presents sum formulas of binomial transform of fifth order Pell-Lucas
numbers.

Corollary 7.4. Forn > 1, binomial transform of fifth order Pell-Lucas numbers have the following
properties.

@ >, Qo= —Qonia +6Q-nt3 —11Q_ni2 +9Q_ns1 — 2Q—n —
(b) > Q2= ;( 30Q on+3 + 181Q 2nt2 — 337Q on+t1 + 288Q on — 87Q oan—1 — 97).
(© 3, Q- skt = &5(—29Q 2013 + 173Q 2042 — 312Q_2041 + 243Q 20 — 90Q_2,1—1 + 38).
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8 MATRICES RELATED WITH BINOMIAL TRANSFORM OF
GENERALIZED FIFTH ORDER PELL NUMBERS

We define the square matrix A of order 5 as:

7T —-17 20 -—-11 3
1 0 0 0 0
A= 0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
such that det A = 3. From (1.1) we have
bria 7 —17 20 -11 3 bt
bnis 1 0 0 0 0 b2
boio |= 0 1 0 0 o0 bni1 (8.1)
brg1 0 0 1 0 0 by,
bn 0 0 0 1 0 bn—1
and from (1.6) (or using (8.1) and induction) we have
brta 7 —17 20 —11 3 \" /[ bs
bras 1 0 0 0 O bs
bn+2 = 0 1 0 0 0 b2
b1 0 0 1 0 0 by
bn, 0 0 0 1 0 bo
If we take b, = P, in (8.1) we have
Posa 7 17 20 —11 3 Poys
Pris 1 0 0 0 0 Pnio
Poo =0 1 0 o0 o P |- (8.2)
Post 0 0 1 0 0 P,
P, 0o 0 0 1 0 P,

We also, for n > 0, define

Zi_é lﬂ:kl ZZLI ﬁk By Es Eu 330 > ZZ:[ ﬁk
n n n D n—1 n—1 n—1p
D k0 2otk 2upm e B2 Eny Eip 3350705050 >0 P

_ n—1 n—1 n—1 17 n—2 n—2 n—2 p
Bn = k:g l:k2 Zp:lQ ?\k ES ES E13 3 Zk:% l:ks Ep:lg €k
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and
Eq 2ozzio 2? a9y sz 72"—1 e St P+ 300 Eﬁgzp z Pk
E; 203°25, Z (DY Z Pk + 32 Th 2
n—2 n 3 n—4
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By convention, we assume that
0 0 o -1 -1 -1 —2 —2 -2
22D Po= 03 3 > R=03 > > B=0,
k=0 i=k p=l k=0 I=k p=l k=0 l=k p=I
-3 -3 -3 —4 -4 -4 1 BB
>3 R - OaZZZPk:g»ZZZPk n
k=0 l=k p=I k=0 =k p=l =0 =k p=I
-6 —6 —6 -7 -7 -7
B OO
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Theorem 8.1. For all integers m,n > 0, we have

(a) B, =A".
(b) C1A™ = A"C;.

(c) C’n+’ln = C’ILB77L = Ban.
Proof.

(a) Proof can be done by mathematical induction on n.
(b) After matrix multiplication, (b) follows.

(c) We have C,, = AC,,_,. From the last equation, using induction, we obtain C,, = A"~ 'C;. Now

Crgm = A" 10L = AVTA™CL = AV CLA™ = CBn,
and similarly

Cn+m = Bm Cn .
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Theorem 8.2. Form,n > 0, we have

m+1m+1m-+41

bn+m = bnz Z Zﬁk

k=0 =k p=I

m m m m—1lm—1m-—1 m—2m—2m—2 m—3m—3m— 3
DD HILELI I SLTLDID 3P AT A
k=0 l=k p=l k=0 =k k=0 I=k p=l k=0 l=k p=l
m m m m—1m—1m-—1 m—2m—2m—2
e R R A
k=0 l=k p=l k=0 I=k p=l k=0 I=k p=l
m m m m—1m—1m-—1 m m m
+bn—3(_11 k + 3 k + 3bn 4 Pk
k=0 1=k p=I k=0 I=k p=I k=0 l=k p=I

Proof. From the equation Cy, ., = C, B, = B, Cy, we see that an element of C,, ., is the product
of row C,, and a column B,,. From the last equation, we say that an element of C,, ., is the product
of a row C,, and column B,,,. We just compare the linear combination of the 2nd row and 1st column
entries of the matrices C),+.., and C,, B,,. This completes the proof. O

Corollary 8.3. Form,n > 0, we have

ﬁn+m = ﬁn Ak
k=0 l=k p=I
N m m m. m—1m—1m-—1 N m—2m—2m—2 N m—3m—3m—3 N
FPa (17> ) 220> D N Pe—11> Y S PBe43> Y P)
k=0 1=k p=I k=0 I=k p=l k=0 I=k p=l k=0 I=k p=I
m m m m—1m—1m-—1 m—2m—2m—2
+P, 220 NS B—11> > > P43 Py)
k=0 l=k p=l k=0 I=k p=I k=0 I=k p=I
m m m m—1m—-1m-—1 m m m
+ﬁn73(—112221+3 Ak)+3ﬁn74zzz/\k
k=0 l=k p=l k=0 l=k p=l k=0 l=k p=l
and
R N m+1m—+1m+1 R
Qn+m = Qn k
k=0 I=k p=lI
N m o m m m—1lm—-1m-—1 m—2m—2m-—2 m—3m—3m—3
+Qnoa (=17 3 N P +20 Pe—113 3 N B4+3> > > P
k=0 l=k p=l k=0 l=k p=l k=0 l=k p=l k=0 l=k p=l
m m m mflmflmflA m72m72m72/\
+Qn-2(20) > > B - 11 Pe+3y > > P
k=0 l=k p=l k=0 l=k p=l k=0 I=k p=l
mom o m. m—lm—lm—l/\ mom o m.
+Qna(-11) 3 S R 4+3> D > P 43Qna > > P
k=0 i=k p=I k=0 I=k p=I k=0 i=k p=I

9 CONCLUS'ONS sequences of numbers were widely used in many

research areas, such as physics, engineering,
architecture, nature and art. We introduced

In the i h h
n the literature, there have been so many the binomial transform of the generalized fifth

studies of the sequences of numbers and the

27



Soykan; AJARR, 15(9): 8-29, 2021; Article no.AJARR.77742

order Pell sequence and as special cases, the
binomial transform of the fifth order Pell and fifth
order Pell-Lucas sequences has been defined.
For applications of binomial transform, one
can consult the on-line encyclopedia of integer
sequences [29]. Just search for “applications of
binomial transform” and follow the links provided.

e In section 1, we present some background
about the generalized 5-step Fibonacci
numbers (also called the generalized
Pentanacci numbers).

e In section 2, we define the binomial
transform of the generalized fifth order Pell
sequence.

e In section 3, we give Binet's formulas
and generating functions of the binomial
transform of the generalized fifth order Pell
sequence.

e In section 4, we present Simson
formulas of the binomial transform of the
generalized fifth order Pell sequence.

e In section 5, we obtaine some identities of
the binomial transform of the generalized
fifth order Pell sequence.

e In section 6, we present recurrence
relations of binomial transforms of
generalized fifth order Pell numbers

e In section 7, we present sum formulas of
the binomial transform of the generalized
fifth order Pell sequence.

e In section 8, we give some matrix
formulation of the binomial transform of
the generalized fifth order Pell sequence.
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